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Modified Szasz-Kantorovich type operators with two parameters
using Charlier polynomials

Abdul Wafi, Nadeem Rao

Department of Mathematics, Jamia Millialslamia, New Delhi-110 025, India
E-mail: awafi@jmi.ac.in, nadeemran1990@gmail.com

Abstract: The aim of this article is to introduce the Kantorovich form of generalized Szasz-type operators involving
Charlier polynomials with certain parameters. In this paper, we discuss the rate of convergence, better error estimates and
Korovkin-type theorem in polynomial weighted space. Further, we investigate the local approximation results with the help
of Ditzian-Totik modulus of smoothness, second order modulus of continuity, Peetre’s K-functional and Lipschitz class.
Keywords: Szasz operators, Charlier polynomials, Ditzian-Totik modulus of smoothness, Peetre’s K-functional, Lipschitz
class.

2010 Mathematics Subject Classification 41A10, 41A25, 41A36, 41A36.

1. Introduction

Approximation theory plays an important role in mathematical analysis and other branches of
mathematics. The results of theory of approximation is generally related to positive linear
operators, and deals with rate of convergence and order of approximation. Weierstrass was the first
who gave an important theorem, namely, Weierstrass approximation theorem in this regard. The

aim of this theorem is to minimize the maximum value of | f (X)—P,(X)| for the continuous

functions f on [a,b], where P,(X) isa sequence of polynomials of degree N . The proof of

this theorem was considered very difficult until Bernstein gave an elegant and simple proof of it.
Bernstein [1] defined the positive linear operators using binomial distribution in the following way

B (f:x)= kiopn*(x) f (%), nN=123.,k=012,.. 0

where P, (X)="c,x"(1-x)"* , xe[01] and proved pointwise and uniform

approximation in the space of continuous functions on [0,1] . These operators provide the

powerful tool for numerical analysis, computer added geometric design (CAGD) and solutions of
differential equations. But these operators are not suitable for discontinuous functions. Later on,

Kantorovich [2] generalized the Bernstein operators for integrable functions as
k+1
nel

K. (f;x)=(n +1)Zn“Pn,k(x)j f(tydt, k=01,23,.,n=1,23,... @)
k=0 k

n+1

Szész [3] introduced linear positive operators in the sense of exponential growth on non-negative
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semi axes

> k
S, (fix)= ;}sn'k (x)f (H)' n=123,.... 3

k
where s, (x) =e™ (n:? , f €C[0,0) and bounded on (0,0). Several generdizations
of these operators have been studied by different researchers ([4]-[6]). A generalization of

operators (1) was given by Stancu [7] depending on the parameters & and £ such that
O0<a < p on [0,1] . Many operators preserve the constant and linear functions but these

operators do not preserve X2, King [8] introduced a method in order to preserve x? for the

Bernstein operators.
Recently, Varma and Tasdelen [9] gave a generalization of well known Szész-Mirakjan operators
using Charlier polynomials [10] having the generating function of the form

et(l—g)“ =Scowl, tika @

k
k=0 k!

and the explicit representation

K 1
CoW=>k (-u),(),
r=0 a
r
where (@), isthe Pochhammer’s symbol given by

(@) =1,(a), =a(a+1)...(a+k-1),k=1.2,...

We note that for a >0 and U <0, Charlier polynomials are positive. Varma and Tadelen [9]
defined the Szasz-type and Kantorovich-Szész-type operators operators as

L (f ‘X a) — e—l(l_l)(a—l)nx C CIEU)(_(a_l)nX) f(h)
e a k! n’’

k=0

(5)

* . — = 1 a-1)nx S C(U)(_(a_l)nx) kTﬂ
L (f;x,a) =ne 1(1‘5)( Dy 2k x j: f()ydt, (o)

k=0
whee a>1, n=123...,k=0,12... and X>0.
Motivated by the above development, we define a Kantorovich version of T, ., with two

parameters O0<a < f as

Kl (fira(6a, 8),2) = ™
k+a+1
e ap) S CW (—(a=1)nr - (xa, (n+p)
(n+p’)e*1(1—1)(a Dy o (% ,ﬁ)z (—@=nr, , (xa, ) _[ f(8)ds,
a k=0 k! k+a

(n+5)
where

JIMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 6, 2015, pp. 1-13



Modified Szasz-Kantorovich type operators with two parameters using Charlier polynomials 3

1 1 2 2,2 10 2
—(4+ 20+ 4420+ )" +4((n -—-3a-
(4+ a+a—1)+\/( + a+a_1) +4((n+ B)°x 3 a’)

(8)

na(xa, p)= o

We observe that

()if a=4=0 and I‘;’a(x;a,ﬂ) = X, operators (7) reduce to operators (6),
and

* 1
(i) for =B =0 and I, (X;a,f)=X as a—> 0 and taking X—— instead of X,
' n

operators (7) reduce to the Classical Kantorovich-Szasz operators.

In the present paper, we discuss the rate of convergence for continuous functions, first order
derivative of the function and weighted K orovkin type theorem. Further, weinvestigate some direct
and local approximation results using Ditzian-Totik modulus of smoothness, second order modulus
of continuity, Peetre’s K-functional and Lipschitz space.

2. Basic Estimates
Lemma2.1.Let € = t',i =0,1,2. Thenfor the operators K** | we have

(i) KZ(Lx) =1, |

_a b )+\/—(4+2a+1 Y +a((n+ )% =2 30— )
i a.p (4. — a-1 a-1 3
(”) Kna (t,X) - ,
’ 2(n+ p)
(iii) K7/ (t%x) = x>
krasl
* . ) () (_(q_ * . n+p
Proot. () K/ (1x,a) = (o pre ) @ a5 S COTDna 0 D) T
| a k=0 k! k+a
g
a-nnr.  (xa,f) ) (— ~Dnr’ a,
= (n+ﬁ)e’1(1_1)( D n,a( ’ 'ﬂ)zck ( (a )nrn,a(x a ﬁ))[k+0[+1_ k+a]
a k=0 k! n+p n+p

(a—l)nr;,a(x;a,ﬂ) —(a—l)nr;’a(x;a,ﬁ) 1

X
n+p

= (n+ petl-2)
a
=1,

i) K2 =(n+ fle (1 )" e S
(i) Tna a k=0

e(1- 1)
a

C(-(a-1nr, . (2. B)
k!

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 6, 2015, pp. 1-13



4 ABDUL WAFI, NADEEM RAO

1. k+a+l, k+a

—[( ny: )? _(n+ ,B) ]
_ a-Dnry o (Xa d C(U)(_(a_l)nr* (X;a,ﬂ)) 2(k+(,¥)+1
— 179 _ —y@-Dnma(xa.p) k na
=+ A a) Z X 2n+ f)?
_ efl(l_E)(a—l)nr;’a(x;a,ﬂ) 2 Cé“)(—(a—l)n X a,p) (k+0() 1
k=0 k! (n"‘ﬂ) 2(n+p)
(1_£)(a 1)nr 2062 B) C,E”)(—(a—l)nr;’a(x,a,ﬂ)) K+ 20 +1
n+,8 =0 k! 2(n+p)
1 L Leow xep o L@ tap . 200 +1
=50 e(1--) (e G ) 5

nr,.(xa,p) L 20+3
2(n+ ) 2(n+ p)

1 1., 2.2 10 2
=—(4+2a+a_l)+\/(4+2a+a_1) +4((n+ P x"——-3a-«a )+ o043
2(n+p) 2(n+p)
—(1+1)+\/(4+2a+1)2+4((n+,B)2X2—10—3a—a2)
— a-1 a-1 3
2(n+p)
Similarly, we can prove
K& (1% x,a) = X2,
Lemma2.2. Let ! (t) = (t—x)',i =0,1,2. Then
Ked (%) =1,
(1+a—) g+4a+4:+18
Kaﬂ =-_ - —
X)) = 2+ p) 10

(n+ ,B)(\/(4+2a+) +4((n+ B -—=-3a-a )+2(n+/3)x)

1 8 4a+8
=) (Grda+="0)

Ked (w2 =—2a"Lx- =
n+p 2 10

(n+5) \/(4+2a+ ) U+ B - e —a ) s2ne px

Proof. Inview of Lemma 2.1 and linearity property we can easily prove this Lemma.

JIMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 6, 2015, pp. 1-13



Modified Szasz-Kantorovich type operators with two parameters using Charlier polynomials 5

3. Order of approximation for the function f and derivative of f
Let f e C[0,). Then modulus of continuity of uniformly countinuous functionson [0, ) is

defined by
o(f;0)=sup [f({)-F(y)| t,ye[0).

[t-y|<o
For f € C[0,%) and 6 >0, onehas

| (- F(y) @+

“;Z) Yol t:5). ©

And
E={f:[0,00) >R,| f(x)KMe™ AeR and M eR'}.
Theorem 3.1. Let f € C[0,00)NE and X >0. Then for operators K, we have
|Ke (F3x) = T (%) [ 20(f;5,),

where 577 = K&l (w2 ) .

Proof. From (9), we have

k+a+l

C(-(@-Dnr,, (% a, p)) nj‘ﬂ | £(t)—f(x)]dt

|Kna,’aﬁ(f;x)— f(X) |< (n+ﬂ)efl(1 ) —lnrna(Xaﬁ)z

k=0 k' k+a
n+p
k+a+1
_ 1 (a-: l)nr (x;a,B) (u)( (a 1)n (X;(Z,ﬂ)) i (t_x)z
< 11— na 1 dt
{(n+pe1-2) z k! j( R
n+p
xa(f;5%0
Kr?aﬁ(‘//37x) . ca,p
S{1+W}a)(f,5n’a )
=2a0(f;677),

where 5‘” —JK“ﬁ(l//XZ;X).

Remark. For the Kantorovich-Szasz type operators L*n given by (6), we have, for every
f e C[0,0)NE,

— f(X) K 20(F:5), (10)

where § =\/ 1+ —)+£. Here we show that our operators K f has the better
a-1 3n

approximation than the operators Ln .

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 6, 2015, pp. 1-13



6 ABDUL WAFI, NADEEM RAO

Since

n+ﬁ<1 a—1)<n‘ a—l“w

Then 577 <6

Theorem 3.2. If f € C[0,o0) and bounded on [0,o) has continuous derivative and
w,(f;0,,) is the modulus of continuity of f'(x), then, for 0<a<pf,a>1 and
x €[0,b],b < o, we have

|K(Fx) = F () € o (T3 (n+ B) ) K (2 (0:0{ 1+ (n+ B) K (w7 (1) )}

Proof. It is known that
f (Xl) — f (Xz) = (Xl - Xz) f ’(66)
= (% =%) F'O)+ =) F'() - F'0)l
for X, X, €[0,b] and X, <& <X,. Also, we have
| (% = X)[T'(E) = FO)T X =%, [(A+D)@,(6), 4 =A%, %,;6). (12)

Next, we find
K& (00— F(X) = (13)
k+a+l
af) & C(U) 1 n+p
|(n+IB)efl(l 1)(a 1)nr a(X ﬁ)z ( (a )nrn a(x a IB)) j f(t)— f(X)dtl
k=0 k! k+a
n+p

Using (11) and (12), we get
Céu)(_(a_]_)nrr:’a(X;Ol,ﬁ)) n]‘ﬂ (x—t) f'(x)dt]

IKe/(130- 0l 0+ ple 21— "5

k=0 k' k+a
n+p
k+a+1
(u) . n+4
+w1(5n/;’)(/1+1)(n+ﬂ)e—l(l_ a)(a 1nr, a(xaﬂ)zc ( (a :I')knl (X,Of,ﬂ)) J‘ |t—X|dt
k=0 : ko
n+p
cw S
a-1)nr 3 (X;@, (- a-1 nr,:a Xa, np
<o (6/){e*(1- )( e ﬁ’Z = )kl ol ) [ It=x|dt
k=0 . k+a
n+p
k+a+1
a (a-1) nr a(xa.p) (u) * . s .
‘e (1——) SCU (-1, (xa. ) | 1t-x|A(xto)dt)
21 K+a
n+p

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 6, 2015, pp. 1-13



Modified Szasz-Kantorovich type operators with two parameters using Charlier polynomials 7

k+a+1
a xap) & CM (—(@=1)nr, , (x; nf
a k=0 k! Ko
n+ﬂ
kra+l
1 . 1o, xendCl(-(@-Dnr ,(Xa,p) " ,
+—e (1-= na ' t—x)°dt
57 ( a) é k! kL( )"at
g

)

K*P (y2; x
<@y ) G Kad (w0 + == (V,;* )

= o, (5) WK (o)) 1+ (WX’ )}

Taking 67 =(n+ )", weget

|Kal (F5%) = f () K oy (F5(n+ B) ) Kol (s (0 {1+ (n+ )| Kol (v (1) )}
We shall now discuss the Korovkin-type theorem in polynomial weighted space of continuous and
unbounded functions defined on [0, ) . Here we recall some symbols and notions from [11]. Let

p(X)=1+x*, —0<x<oo and B,[0,00) ={ f (x):| f (X) £ M p(X), p(X) isweight

function, M, isaconstant dependingon f and x €[0,0)}. C [0 o) isthe space of
If( )

xe[Ooo) p(X)

continuous functionin B [0,0) withthenorm || f || =

f(x)

C; ={f EC " lim——= =K, where Kk isaconstant dependingon f}.

= p(X)
Theorem3.3.Let f e C;.Then,the operators K (f;x) convergesuniformlyto f (x) on
[0,0).

Proof. By the Korovkin Theorem, it is sufficient to verify that

limll KgZ (thx)-x'],=0, for i=012

nN—o0

It is obvious that [im || K/ (1;x)-1||,= 0 and |im|| Ko7 (x?*x)—x*||,= 0. Also, we

n—o

_(1+—)+\/(4+2a+—) +4((n+ B)%x2 - 1: 30 —a?)

a
a,b’ | _Xl
have sup [ Kna (4 ><) X1 _ sup 2(n+p)

xe[000) 1+ x2 xe[0,0) 1+ x2

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 6, 2015, pp. 1-13



8 ABDUL WAFI, NADEEM RAO

(1+i) §+4a+4a+8
|- a=1, 3 a-1 |
2(n+ﬂ) 2(n+ﬂ)\/(4+2a+il)2+4((n+ﬂ)2x2_%—3{2—(12)+2(n+ﬂ)X
= sup - 1+x?
xe[0,0) +X
4 200+ 4
5+20:+ 11 1
< sup | |

(1+x?)

xe[0,00)

(n+,8)\/(4+ 20:+ai_1)2 +4((n+ﬂ)2x2—%—3a—a2) +2(n+ B)x

(1)
a-1 1
+ sup | |
xe[0,00) 2(n+ﬂ) (1+X )
which showsthat || Kﬁff(t;x)—X”p—)O.as n— oo,

Hence, the theorem is proved.

4. Direct Estimate
Ditzian-Totik Modulus of smoothness [12] is defined as:

a)jxl ( f ’5) = Sup " AZhgp(x) f (X) "!
0<h<é
=sup  sup | F(x=he’(x))-2f(x)+ f(x+he" (X)),

0<h<s Xihgoie[o,oo)
where @?(X) = X . And, Peetre’s K-functional [12] is given by
K (f ,6%) = irJf (1 f =9 llojory +6° 19°29" leio))»  9.9" € AC,e. (14)

The K-functional is equivalent to the modulus of smoothness, i.e.,
CK ,(f,6%) <o’ (f,8)<CK ,(f,5?). (15)
@ @ @

First result based on Ditziaz-Totik modulus of smoothness was given by Ditzian [13] for the
Bernstein polynomials as:

B, (f:x) - f(x)[<Ca” (f ,néco(x)l_l)-
Now, we prove the similar result for the operator K f .
Theorem4.1. For f €L (0,20),0< p <o, and ‘a >1, we have
|K&Z(F5x)— f(X) [ Cco;l(f ,(n+,8)7%(p(x)H) for large n
where 0< A <1, p°(X) =X.

Proof. Using (12),(13), we have
1

1=l 0m= A% (F.(N+ ) 20()*™), (16)

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 6, 2015, pp. 1-13



Modified Szasz-Kantorovich type operators with two parameters using Charlier polynomials 9

(n+8) ()" 19%9" 0= Be?, (f.(0+ 5) qf)(X)l ") (17)
Next, we can choose ¢, =0, ,, forfixed X and A+1 suchthat
|Ked (£ = FO) KK (F =g, ) = (F =g, ) () 1+ 1K (9,5 ) = 9, (X) |,

<2[f =gy Iy + KT (90:%) = 9, () |-

From (14), we get
1

| Kol (F5x) = F(x) [ 2ij1 (f.(n+5) 200" )+ KL (9,0 - 9,01 (29
Now, the last term can be calculated by using Taylor’s formula

KL (9,(0) = 9,00 Kl g7 COK e (=20 [+ K ( (x—u)gr/(u)du; ¥) |

k
|X — | x
<KL j H(u) gqu)du f;x)

Do” ! 0 2}()K“ﬂ«t X)%%)
22 11 1 X (n+ﬂ)Ka’f((t—X)2;X)
S"(” "Lp(Ooo) 21(X) n+ﬂ X
Ka,ﬁ t— 2;
Sll(pZA ”"Lp(ow) X(q:;;(’j(; (n+ﬂ) n,aX(( X) X).

For sufficiently large value of N, we get
a,p _ 2.
X a 1"

Therefore

| Ko (9, (1) = 9, (x); %) [ (1+—)Bau(f (n+5) co(X)“ (19)
Using (16) and (17), we get
|Ked (F (1) = £ (%) < Ma? (f,(n+5) 2 0(x)")
where M = max(2A, (1+ i) B).
a-1

Let C;[0,00) denote the space of real valued continuous and bounded functions f on [0, )
endowed with the norm

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 6, 2015, pp. 1-13



10 ABDUL WAFI, NADEEM RAO

1= sup | £ ().

0<x<0

Then, for any 0 > 0, Peeter’sK-functional is defined as
K,(f,8)=inf{| f —gll+511g" [k g € C[0,0)},
where C2[0,00) ={g € C,[0,0):g’,9" € C,[0,0)} . By Devore and Lorentz [[14], p.177,
Theorem 2.4], there exits an absolute constant C > 0 such that
K,(f;8)<Caw,(f;/5),
where @,(f;0) isthe second order modulus of continuity is defined as

a)z(f,\/g)= sup sup | f(x+2h)—-2f(x+h)+ f(x)].

0<h<y/5 xe[0,0)
Theorem 4.2. Let f € CZ[0,00). Thenforall X €[0,0) there exists a constant K >0 such
that

|KEZ (%) = F(X) [€ Kao, (F5TT20 (X)) + o F;A%7
where A7% () = K (w3 %) and TT; 7 (x) = K (ws ) + (K (w6 0))%.
Proof. First, we define the auxiliary operators
KEZ(F;x) = KEL(F5x)+ £(x)— F(A%Z (X)) (20)

We find that
Kl (1,x) =1,

Kot (7, (©);x) =0

|Ka (Fix) €3] . (21)
Let g € CZ[0,0). By the Taylor's theorem
t
g(t) = g(x)+(t-x)9'(x) +J-(t —V)g"(v)dv, (22)
Now '

~ ~ ~ t
K&L(9;%) - g(x) = g (OKEL (t—x; %) + K,ﬁ’ff(j(t—v)g”(v)dv; X)
= RL([t-v)g" (v

a,p
t Ana
=KL ([(t-v)g"WMdv;x)— [ (A%Z —v)g"(v)dv.

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 6, 2015, pp. 1-13



Modified Szasz-Kantorovich type operators with two parameters using Charlier polynomials 11

Therefore

N t ARh
IKE (9% - g () KK (JE-v)g" Mdv;x) [+] [ (A%4 —v)g"(v)dv].

Since
t
[[t-v)g"Mdvit-x)2]g" |l (23)
X
and
g4
| [ (A2 —v)g"(v)dv < (AZ2)? g | (24)

X
Then from (22), (23)and (24) implies that
|KeL(9:%) - 909 KL (- X)%%) +(AZE)H g |
=Hﬁ,‘aﬂ COllg” Il (25
Next, we have
IKl (F50 = FOOKIKEL (F =) [+ 1(F = @) [+ KL (950 = 9 () [+ F(AGE) - F (0]
Using (25), we have
IKa (£ = £ [ 41 f =g I+KRZ (@) g () [+ F (ATD) — f ()]
<4 f-glI+IRL (09" +a(f;ATE).
By the definition of Peetre’ s K-functional
|KeL (£330 = F (0 [ Can(fi47” () + o FA55).
Here, we discuss alocal result in Lipschitz class
Lipy ={f €C[0,0):| f(t)— f(X) <M t=x®
(t+x)E

where M isaconstantand O < a <1 to prove the following theorem:

x,t € (0,00)}

Theorem 4.3 Let f e Lip,, (a) and X € (0,0). Then, we have
a.p
K (10— 1 M,

where O (x) = K¢ Z((t—x)? ,X).
Proof. Let @ =1 and X e (0,). Then, for f e Lip,, (1), wehave
|Kel (F) = fF () < (n+p)e™

1 a— nrr:a Xia & C(U)( (a 1)nrna(x 24 ﬂ)) k+
(1_5)( D8 (6e.) 5

k+a
- |
k=0 k! vy

T - ()] dt
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a-nr. . (X« C(”)—a—ln X; Kol g
<M (n+ ge (1= Imaatien s G CAZHN, (G f) (57 1T x] g
a

k+a
Py k! mp VE+X

_ 1, @y,  (xa.p) = C(-(a-1)nr, (X a,B)) Kratl
f(n+ﬂ)e -2 k k, S |t=x]dt

k=0 : n+p

ﬂK“ﬁ(|t X[; X)

=

VK (= %)% %)
<M N

aﬁ 1
= (e y;

Thus, the assertion hold for @ =1. Now, we will prove for a €(0,1). From the Holder

1 1
inequality with p = —,q =——, we have
a l1-a

|K<P(F:x)— F(x) |5 (e (1- é)(al)”rr:,a(x:aﬁ) k‘:o C” ((a —1)kr:r:,a (x;a, ) ((n

+ ﬁ)IkN REOERICI OIt) )

n+p
W (_(a_ * .
% (e (1_i)(a 1)nr 2 (6a.B) Ck ( (a 1)kr:rn,a(x,a,ﬂ)))1a
k=0 .
< (eil(l—i (a-1) nrna xaﬂ)z C(” ( (a 1)|: (X;a,ﬂ)) (n+,8)".kk:f;1| f (t)_ f (X) Idt)i)a
k=0 ’ n+4

since f eLip,a,weobtain
[Ka (Fix) = F(x) KM ((n+B)e (1

_ l)(a—l)nr;'a(x;a,ﬂ) i C|§U) (_(a _1)n (X a, ﬂ)) J‘k+a+l |t —X |
a k=0 k! E:Z At+ X

dt)”
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1@ 0en < G (=(@-1)nr,, (%@, B)) Jie i

<—((n+ﬂ)efl(1— ) | o [t=x]dt)”
X2 k=0 k! n+p
=—a(K§‘,‘f(It—XI;X))“
XE
X
< M( na ( ))2
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Abstract: Let P(Z) be apolynomial of degree 1 and for acomplex number & , let
D,P(z) =nP(z)+(a—2z)P'(2)

denote the polar derivative of the polynomial P(z) with respect to X . In this paper, we shall establish some L

-inegualities for the polar derivative of a polynomia with restricted zeros. Our result not only generalize some known
polynomial inequalities but also a variety of interesting results can be deduced from these by afairly uniform procedure.
Mathematics Subject Classifications (2010): 30A10, 30C10, 30C15.

Ky words and Phrases: Polar derivative, Polynomials, Zeros, LP -inequalities in the complex domain.

1. Introduction
Let P(z) be apolynomial of degree N and P’(z) be its derivative. Then according to the
well-known Bernstein’ s inequality [5] on the derivative of a polynomial, we have

mex IP'(@)In mex IP(2)]. (11)

Equality holdsin (1.1) if and only if P(z) hasall its zeros at the origin.
For the class of polynomials P(z) having all zerosin |z [<1, Turan [14] proved that
, n
max | P'(z) & - max | P(2) [. (12)
=t 2 21

Inequality (1.2) was refined by Aziz and Dawood [1] and they proved under the same hypothesis
that

max | P'(2) B 2 {max | P(2) |+ min| P(2) }. (L3)
21 2 kL 21

Both the inequalities (1.2) and (1.3) are best possible and become equality for polynomials
P(z)=az" + 3 where |a |=| f|. Asanextension of (1.2), it was shown by Malik [13] that
if P(z) hasalitszerosin |z |< k,k <1, then

, n
max | P'(z) B ——max|P(2) |, (1.4)
21 1+ K jze2

where as the corresponding extension of (1.3) and a refinement of (1.4) was given by Govil [10],
who under the same hypothesis proved that
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1
max | P'(2) |>ﬁ{max| P+ FminlPQ) |} w9

|z[=1

In the literature, there already exist some refinements and generallzanons of al the above
inequalities, for example see Aziz and Shah [4], Dewan et a. [6], [8], Govil et al. [11] etc.

n
By considering the class of polynomials P(z) =a,z" + Zan_uzn’“,lé <N, of degree N

v=u
having al zerosin |z <K k,k <1, Aziz and Shah [4] (see also Dewan et d. [8]) proved
1
P'(2) B P(z i . 1.6
ma PO L mal PO o mnlP@l. o

For u =1, inequality (1.6) reducesto inequality (1.5).
Let D, P(z) denotesthe polar derivative of the polynomial P(z) of degree N with respect to
thepoint ¢ . Then
D,P(z) =nP(z)+ (e —2)P'(2).
Thepolynomial D, P(z) isof degreeat most N—1 and it generalizesthe ordinary derivativein

the sense that
|im{—DaP(z)} =P(2).
o

a—r0

Aziz and Rather [3] extended (1.4) to the polar derivative of a polynomial and proved that if al the
zerosof P(z) liein |z K k,k <1, then for every complex number & with | >k,

max | D,P(2) B n(' '

|z]F1

)max [P(2)]. (1.7)

for the class of polynomias P(z) =a,z" + Zanﬂ)z”_“,lﬁ 4 <n, of degree N having all
v=p
zeros in |z KK,k <1, Dewan et al. [7]) proved that if ¢ is rea or complex number with

|a s, then

max | D, P(z) B n(I i =) axIP(Z)I (1.8)
lzl=1 1+k* 7 L
where
_nla, |k*+ula,_, k"
“onla ke ula,, |
In the same paper Dewan et a. [7] proved for the same class of polynomialsthat if & isreal or

(1.9)

complex number with | [> k*, then
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| |+1

| e+l
max|D.P@) b (1 ) max P2 Lo
en( nrzllgxlp(z) '”'(T_k;)) @

where M = minge | P(2) | and

m _
(13, 1=K + arla, [k
A# = m . (1.112)
(13, |-k +arla, |

As a generalization of inequality (1.4), Dewan et al. [9] obtained an L inequality for the polar
derivative of a polynomial and proved the following;:

Theorem 1. If P(z) isapolynomial of degree N having all its zeros in |z |< k ,where k <1
, then for every real or complex number & with | |> k and foreach r >0,

2r } 2r ) }
n(|a |—k){j |P(e“)[ d&g}r s{j |1+ ke [ d&}r mex |P'(2)]. (1.12)

In the limiting case, when I' — 00, the above inequality is sharp and equality holds for the
polynomial P(z) = (z—k)" with |a |2k

Themain aim of this paper isto providean L -analogue of inequality (1.10) and to present a proof
of it which is independent of Laguerre’'s theorem. Firstly, we shal prove the following
generalization of inequality (1.8)

Theorem 2. 1f P(z) isapolynomial of degree N having all its zeros in |z |< k , where k <1

, then for every real or complex number & with | [>s, andforeach >0, p>1, g>1

with pt+q =1, we have

1 27 1

n(la|-s, X j IPE) 4} < J |1+k e " d6} " { J |D,P(”)[" d}™, (1.13)

where S, is defined by the formula (1.9).

Remark 1. If welet I —>00 and q — o (sotha p —1)in(1.13), wegetinequality (1.8). If
we divide both sides of (1.13) by || and let | |> o, we get a result of Dewan et al. [[8],

Theorem 1.3].
Next we shall prove the following more genera result that as a special case provides a proof of
inequality (1.10) which isindependent of Laguerre’' s theorem.

n
Theorem 3. If P(z) =a,2"+ ) a,,2"",1< u<n,isapolynomial of degree N havingall

v=u

JIMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 6, 2015, pp. 14-23



Some results concerning to polar derivative of polynomials 17

its zeros in |z k , where K <1, then for every real or complex number «, 8 with

|a B k“,|f|<1 andforeach r>0, p>1, q>1 with p’l+q’l=1,wehave
, elnH
n(lee|-A, ){j|P( - 1 gy

127r

i(n-1)0 1
<{j 1ok o) (] 10, '%—“ﬁmﬁ—iwf T,

where M = mingec|P(z)| and A, isdefined by the formula (1.11).
Remark 2. Ifwelet I —>00 and g —> o (sothat p — 1)in(1.14), weget

apfmnz"
max| D, P(2) - 27|
=t k
lr|-A, ﬂZ"
> max | P(z) — . (1.15)
2 (2 max | P(@) |
Let z, beon |z |=1, suchthat |P(z,)|= max|2|=1|P(Z)|,thenfrom (1.15), we get
apmnzd™

D, P(@},my 5

S ma L

1+k“
la|-A m| ,b’|z“
2 (NPl -, (119
mpz"
Since the polynomial P(z) - % hasall zerosin |z |< k,k <1 where | §|<1, therefore
, . mngz" " . .
by Guass-Lucas theorem, the polynomial P(Z)—T adso has dl its zeros in
|z |< k,k <1 and hence
mniz
|P'(2)p———— l i , for |z > k. (1.17)
Because if (1.17) is not true, then there|sap0int Z2=12, with |z, >k suchthat
: mn |z, [
|P'(z0) K —7—
k
_k"P'(z,) o .
If we take ,B—T,sothat | £ |<1, thenwith thischoiceof £, wehave

0
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mngzgt
1P(zg) |- =0,
mngz"*
where |z, >k, which contradicts the fact that all the zeros of P'(Z)—k—n lie in
|z |<k, k<1.
Alsofor |z |=1,
|D,P(2) IFInP(z) + (e - 2)P'(2) |
2| |[P'(z) |- |nP(2) - zP'(2) |
=la||P'(2)|-1Q'(2)].
Combining thisinequality with Lemma 1, we get for |z |=1 and | > k*,
|D,P(2) & (la |-k*) | P’ (Z)I—kn e (118
Inequality (1.18) in conjuction with (1.17) givesfor |z |=1 and | |2 k¥,
|D,P(z)pleImn. (119)
If in (1.15), we choose the arguement of /£ such that
afmnz)™
D, (@)}, - o
mn |« '™
“{D,P@)},., |-
which easily follows from (1.19), we obtain
mnla ||z " lel-A la|-A, m|5]
D P(2)},., |- >n Y| P(z,) |- .
HD.P@}.cy, -0 e PN )
(1.20)
Since Z, lieon |z |=1 and | P(Z,) |- max.1| P(2) |, inequality (1.20) is equivalent to
la|-A la|-A, m|B], m|Blla|
D P(z >n P(z)|-n “ + :
{D.P(2)}.-,, (1kﬂ) ax | P(2) |- (Jrkﬂ)kn %

(1.21)
Now, if in (1.21) wemake | £ |> 1, we get
| |-A mn |a|k‘ +A,

rnz_:\xID P@OEN o ) ax | P(2) [+ 1ok

which is equivalent to (1.10) and this prov% the required clal m.

=),
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2. Lemmas
We need the following lemmas to prove the theorems.

n
Lemmal If P(z)=a,z"+ Zan_uzn’”,lg L <N, isapolynomial of degree N having all

v=u

1
itszerosin |z K k,k <1,and Q(z) =z"P(=) ,thenon |z|=1
z
|Q'(2) s k” | P'(2) |, (21)
1
where here and throughout this paper Q(z) = z"P(=) .
z
The above lemmais due to Aziz and Shah [2].

n
Lemma 2. 1f P(z)=a,z"+ Zanfuz”*”,ls 4 <n,isapolynomia of degree N having all

v=u
itszerosin |z |<K K,k <1, thenon |z |=1
Q' (D) [, [P(D)], (22
and
ﬁl a”*/’ |S k/l’
n a

n
where S, is defined by (1.9).
The above lemmais due to Aziz and Rather [2].

n
Lemma 3. If P(z)=a,z" + Zanwz”‘“,lﬁ 4 <n,isapolynomia of degree N having all
v=u
itszerosin |z K k,k <1,thenon |z |=1

1Q(2) kk* [P (2) |-

where M = minge | P(2) |.

nm
kn—,u

, (2.3)

n
Lemma 4. If P(z):ZaUz“, is a polynomial of degree N having al its zeros in
v=0

|z Kk,k >0, then |Q(2) |zk—”: for |z|s% and in particular

a >, 2.4
la, | G (24

where M = miny=« | P(2) .
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n
Lemma 5. 1f P(z)=a,z"+ Zanfuz”*”,ls 4 <n,isapolynomia of degree N having all
v=p
itszerosin |z |<K K,k <1,then

A, <k*, (25)
where A# is defined by (1.11).

Lemma 6. The function
_nxk® +pla,, [k“T

8,(x) =

nxk“ ™+ 1 a, , |
where K <1 and g >1, isanon-increasing function of X.
The above Lemmas 3, 4, 5 and 6 are due to Dewan et.al.[7].

3. Proofs of theorems

1 1
Proof of Theorem 2. Let Q(z) = z"P(=),then P(z) =z"Q(=) andit can beeasily verified
z z

that for |z |=1,
|Q'(2) IFInP(2) - zP'(2) | (31

|P'(2) IFInQ(z) - zQ'(2) | (3.2)
Since P(z) hasal its zeros in |z <k, therefore, by using Lemma 1 and (3.2), we have for
|z[=1,

and

|Q'(2) Kk [nQ(2) -zQ'(2) |- (33
Now for every real or complex number @ with | |>'s,,, we have
|D,P(2) FInP(2) - (e - 2)P'(2) |
2| |[P'(z) |- [nP(z) - zP'(2) |,
which on using (3.1) and Lemma2 givesfor |z |=1,
|D.P(2) Rl |[P'(2)|-1Q'(2) |
2 (la|-s,)|P'(2)]. (34)
Since P(z) hasallitszerosin [z K k, k <1, it follows by Guass-L ucas theorem that all the
zerosof P’(z) asoliein |z [k, k <1. Thisimpliesthat the polynomial

z“P(%) = nQ(2) - 2Q'(2)

1
hasall its zerosin |z > « >1. Therefore, it follows from (3.3) that the function
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2Q'(z
W(y-— 290 _
k*(nQ(2) -2zQ'(2))
is analytic for |z|<1 and |W(z)[|<1 for |z|<1. Furthermore, W (0) =0 and so the
function 1+Kk“W (z) is subordinate to the function 1+k“z for |z|<1. Hence by a
well-known property of sub-ordination [12], we have for each >0,

2 2
J-|1+k"\N(e“9)|r do< j |1+ k“e" | d6. (3.5)
0 0
Now
1k W (2) = — ")

nQ(z)-zQ'(z)
which gives with the help of (3.2) that for |z |=1

n|Q'(2) [FI1+k*W(2) [ P'(2) . (36)
Since |P(2) |F|Q(z) | for |z |= 1, therefore from (3.6), we get
= NP _

P'(2) |= , f =1. 37

|P'(2) ] TE kW (2)] or|z| (37

From (3.4) and (3.7), we deduce that for each ¥ >0,
2r 2r
nr(|a|—s#)r.|' |P(E") [ do < j |1+k“W (e") ['| D,P(e') [ d6.
0 0

This gives with the help of Holder'sinequality for p>1,q>1 with p~"+q " =1, that
1 27

2z 2z = 1
n"(ler]=s,)" [ IPE")[ do<{ [ [1+ke" [" d6}*{ [ |D,P(”)[" d6}".
0 0 0
The above inequality in conjunction with (3.5) gives

1 1 27 1

n(a|-s, X[ IPE)[ d} <{ [ |1+k*e” " d6}"{ [ |D,P(")[" d6} .

This completes the proof of Theorem 2.
Proof of Theorem 3. By hypothesis, the polynomial

n
P(z)=a,2"+>a, 2" 1<u<n
v=pu
hasall itszerosin |z |< k, K <1.1f P(z) hasazeroon |z |=k ,then m=0 and theresult
follows from Theorem 2 in this case. Henceforth, we suppose that all the zeros of P(z) liein
|z|<k, K<1 sothat m>0.
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Now m <|P(z)| for |z |=k, therefore, if £ isany real or complex number with | § |< 1,
then

O KIP@) | for |2 = K

Since al the zeros of P(z) liein |z [< k, it follows by Rouche's theorem that all the zeros of
mpz"
kn

P(z)- mlf‘z dsoliein |z |<k, kK <1. Hence we can apply Theorem 2to P(z) -
and obtainfor [ [2k” >/, r>0 and p>1,q>1 with p‘1+Q‘1=
2z in@
i m T
-5, IPE) - " gy

1 27

ing
<{j |1+ k“e" | d6} pf{j |D,P(e") - ﬂ [ ole}qr (39)

where

Wl 1k
s’ = . (3.9)
“ m B

nla,~ 0 e ula,, |

Sincefor every £ with | f|<1,wehave
m m
|—M> |- (3.10)

and |a, |> T by Lemma 4. Now combining (3.9), (3.10) and Lemma 6 for every £ with

| B <1, weget
m7ﬂ|k2#

nlan_ kn +/u|an—,u|kﬂ_l

|-
S, =

m _
nla, 20 1kl |

(s, |- Tk + ula,., [k
<

m _
n(la, - POk 4 ala, |
=A,. (3.12)

Since by Lemma5, we have Aﬂ <k*,itfollowsfrom (3.8) and (3.11) that for every o
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with | > k*, r>0 and p>1 q>1 with p‘1+q‘1:1,that
|n0

n(la|-A,) j 1Py~ gy

1 22

i(n-1)8 1
<{j IL+k*e” " do) pf{j ID, P(e"’)—“ﬂmrll—enr" 4o,

which isinequality (3.14) and this completes the proof of Theorem 3.
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1. Introduction
Multiresolution approximations of L?(R) are the most natural frame work in the study of wavelet

expansions [4]. let {V_},., to denote a multiresolution analysis of LZ(R) generated by a
scaling function ¢ which is band-limited [3] and 7 to denote an orthogonal wavelet generated

by ¢, which givesriseto orthonormal basis {y/,, .} ofL?(R) , where

m,neZ

Vaa(X)=22p(2"x-n),V m,neZ.

Let
W,, = span{y, , |neZ}.
and,
V, =span{4,, IneZ},
where,
B a(X) =226(2"x—n),¥ m,neZ,
V,=V,,8W ,=.=&_W,.
Thus
L*(R) =V, ® (O.uW,) =@, ,W,.

The translates of ¢(x) are the orthonormal basis of V, while the trandates of y/(X) are an
orthogonal basisof W, [2]. Thesame holds for their dilations in Vj and Wj.

Therefore, each f e L*(R) hastwo following representations

e  This work is supported by DST-SERB project No. SR/S4/MS/818/13
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f= Zam,n¢m,n + Zzbk,n‘//k,n,) (1.11)
neZ k>mnezZ
f=2 > balinm (112)
keZneZz

where the convergence is taken in the sense of LZ(R) . Thefirst term in (1.11) is said to be the
partial sum of the wavelet expansionswhich isthe projection of f onto thesubspace V,, inthe

L? norm. The partial sum fm of the wavelet expansion has two corresponding forms

fn =D < foWmn >Wmnn =2 < F¥/mn >, (1.13)
nezZ neZ
fn = z Z<fkvl//k,n>l//k,n: Z Z<f,l//k,n>¥/k,n, (1.14)
k<m-1nezZ k<m-1lnezZ

where the convergence is taken in the sense of L?(R).

In [11], Walter studied the convergence of f_ to f when f is continuous and the scale
function satisfies

|¢(X) |SW,VXE R,

where C, >0 are constants. He established the pointwise and uniform convergence. Xiehua
[11] gave the approximation degreeof f,, to f . Further, the convergence of wavelet expansions
of periodic functions is discussed in [1, 9] and the approximation degree of f, to f was
obtained. In [8,7], Gibbs phenomena for wavelet expansions was established. On the other hand,
Mallat [4] gave aresult which shows arelation between degree of convergencein L? - norm and
the Sobolev space H*®(R).

In the present paper, we have established the convergence of wavelet expansionsto inverse Fourier
transform and to zero when the scaling function is band-limited. Moreover, we established the

estimate rate of the convergence in Sobolev space, H *®(R).

2. Preliminaries
In the present section, we list some definitions

Let f e L*(R) definethe Fourier transformof f as

f(w)= Tf(x)e‘"”xdx

A A

The compact support of f is defined as Suppf =clos{w | f(a)) # 0}. If support of f is
bounded, then f is called band-limited function. If f e L' (R) , we define the inverse Fourier

A

transformof f as
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A 1 %- .
f(x)=— | f(w)e'*dw.
(0= j (@)
Let H®(R) denotethe Sobolev space of order s[5], which is given by

H*(R)={f e L*(R)] fA(a)) |(1+ »?)2 € L2(R)}.
For f € H°(R), wedefinethe norm

I7]: = J{T F@) (Lt 0y dad.

3. Main Results
Theorem 3.1. Let supp w7 < | ={x:a<|x|<2a,a>0}. If f e L*(R) and fe L'(R)
then
@ f,(x) > f uniformlyon R as m — +o0.
(i) f,,(x) > O uniformlyon R as m ——oo.
Proof. Before we prove the theorem, we first state and prove the following lemma
Lemma 3.2. Assume Supp ¥ | ={x:a<|x|<2a,a>0}.1f f eL?(R) and f e L)(R),
then
v ) w2 x- e 2 ™ = Ve 21,k = —0,..,m—2,m—1

nezZ
T ok
Proof of lemma3.2. Let H, (X,0) =y (2" a))Z“t//(Zk Xx—n)e'? ",
nez
Since for given X, and integer k, there exists a continuous function g € L"(R) " L*(R) such
that [6]

X

§(@) = H, (X, ) -, 0ec2l; §(w)=0 ew
Also we have

1 A
9,() === [ d(@)H, (x,0)do
2r X
As g iscontinuous, we have
1 A 124
9() === [ §(0)e"do
2r X

Here g, (X) = g(x),as k — +oo .Therefore
[§(@)H (x 0)do= [ §(@)e"do,

2K 2K
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which is equivaent to
[ 6(a)[H, (x,@)-e]do=0.
2

Choose X = X, , we get

[ [H (%, 0)—e"°][H,(x,,0) ¢ ]dw =0

2
implies,
[ 1H,(6,0) €™ F do =0
2
implies,
[H, (x,, @) € P=
implies,

Hy (%, 0) =€, we2¥

Since X, isarbitrary. This completes the proof of the lemma.
Proof of Theorem 3.1. For f € LZ(R) we have

f (X) = ZZ<1‘ Vien () >y, (X)

k=—ooneZ

== z 57 ] £ Oen Dty ()

=—ooneZ _o

m—l

> [t f (@@ e “"doy(2x-n)
k=— neZ _s

ZZ [ fOf (@@ we ™ "doy @ x-n)

k= nesz |

) I f(t)f(w)mzl/l(ZkX—n)e“z_k”"dw_

k=—00,k neZ
21
By using lemma (3.2), the above statement can be written as,

f (x)—— Z j f (w)e'”dw

3

i %’|H 'S’IH

10
= j f (w)e " dw.

—2Ma

Now we have
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zma +0o0
| fm(X)— f‘l(x) |:|i J' f(w)e‘”*da)—i f(a))eiwxda)l
272'—2ma 27[—00
= i J- f(w)eiwxdwll
”|w|zzma
Letting M — +o0, so conclusion (i) is established.
Also,
1 - _
f X) |=|— f ) ela)xda)
|, ()] lzﬂ.ima (@) |
implies,

1 A _
1f.00k== [ |f()e” |do.
2z
lwl<2™ a

Letting M —> —00, so conclusion (ii) holds good.
Thus the proof of theorem is completed.
Now the next theorem provides the estimate rate of the above established convergence in Sobolev
space.

Theorem 3.3. Let the scaling function ¢ be continuous, supp q?cl=[—a,a] and
|4(®)|=1 aeon [-a,a].1f fel?(R) and f elX(R), then
@ . (x)— f*(X) uniformly on R as m —>+oo. Further, if f e H*(R) and s >%,

then
Il fIE mGs-3)

2 %
1 ’
725 -1a 2

@iy f,(x) > O uniformly onRasm — —oo. Further,if f € H*(R) and s <%,then

|f.(0-f1K

LFIE me)
a0 ——22" 2
mAJ1-2sa 2
Proof. By given hypothesis, ¢ iscontinuous, so each ¢m’n is continuous. Therefore, we have

b () = Z—ﬁém,n(w)ei”*dw

. N
2Ma o
1 ~ w.e ? i
= I ¢m,n(2—m)—me'wxd60
-2Ma 22
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. n
—l—w

g 2"

1 2l ®
:T J ¢m,n(—m) T
2 oM, 27 \Jom+l

e dw.(3.31)

On the other hand, by parseval identity of Fourier transform we have

< f’¢m,n >:%< f’é\m,n >

1 2Ma
== | f@nn(@po

—2Ma

.n
I—

g 2"

== z}af(w>&(—”)
2T om m
-2"a 22

do

=or anaf (@) .
- 2 2m

2
_Zma l2m+1a

dw.(3.32)

. n
I—w
eZ

. . . 2 m m
It iswell known that the system {W}nez isan orthonormal basisfor L°[-2"a,2" a].

Therefore, from equations (3.31), (3.32) and the Bessel equality of Fourier series[12], we get
m
1 e _ -~ o
f (X)=— | f(w0)e”|4(=)[ do.
n () Zﬁj (@)™ |$(5)]

Moreover, | &(Zﬁm) |’=1a.eon[-2" z,2" ] .Therefore, we have

— 1 ZmaA 104
fn ()= [ f(w)edo.

—2Ma
Now we have
£ -1 — 1 zmaA 124 1 e iwX
| (x)— (%) |7 — j f(w)e'™dw—— [ f (w)e'™do|
27 2r °,
— 1 f 14
_|2_| PJ;maf(a))e do|
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1 A
<o j | f (o) |dw

|wz2Ma
Lettingm— +oo, weget f_(X) > f‘l(x) uniformly on R.
On the otherhand, we have
1 A
| 1,00 -0k~ j f (w)daw.
lol<2Ma

Letting M ——o0, weget f_(X) > O uniformly onR.

When f e H®(R) and S>%,wehave

P ILPY

1T (x)-f(x) |<—| j f (@) dw|+| j f (w)e'dw|= I, +1,(say).

Mg

For |1, we have from cauchy inequality that

*wlf(w)l(1+w)2
|132—n[ | f(w)|dew = zﬂn{
2 2 (1+a) )2

”f”2(J' )2

1
(Z-s)
_lfp2tE

1
2725 -1a 2

L)
£ 15 2"

27~ 28 — 1a 2

Similarly,

|2

Thuswe have,

2 S)
2

T 28-1a _5

| £ (X) -
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1
When f e H®(R) and s >E,By using Cauchy inequality we have

1 2Ma
.00 k== [ |f(0)|do
27z72ma

s 2 1

1
m(=-s)
_lflz2 2

-

TAJ1— Zsas_5

This completes the proof of the theorem.
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1. Introduction

Ricci flow is an excellent mathematical model introduced by R. S. Hamilon [7] in simplifying the
structure of the manifolds. It is defined for Riemannain manifolds of any dimension. It is a process
which deforms the metric of a Riemannian manifold analogous to the diffusion of heat there by
smoothing out the regularity in the metric. It is given by

—5‘%(;) = —2Ric(g(v)),
where g is Riemannian metric dependent on time ¢t and Ric(g) is Ricci tensor.
Let ¢p,: M — M, t € R be a family of diffeomorphisms and (¢;:t € R) is a one parameter family
of abelian group called flow. It generates a vector field X, given by
Xpf =GR, f € C(M).

Y-y
t
Ricci solitons move under the Ricci flow under ¢p;: M — M of the initial metric i.e., they are

stationary points of the Ricci flow in space of metrics. If g, is a metric on the codomain then
g(t) = pfgo is the pullback of g, is a metric on the domain. Hence if g,is a solution of the Ricci
flow on the codomain subject to condition L, g, + 2Ricgy + 24g, = 0 on the codomain then
g(t) is the solution of the Ricci flow on the domain subject to the condition L,g + 2Ricg +
2Ag = 0 on the domain by [12] under suitable conditions. Here gyand g(t) are metrics which
satisfy Ricci flow.

Thus the equation in general

If Y isavector field then LyY = lim,_, ¢ is known as Lie derivative of Y with respectto X.

Lyg + 2Ricg + 24g = 0, (1.1)
is called Ricci soliton, where S is Ricci tensor of M, L,, denotes the Lie derivative operator along
the vector field V and A areal scalar. It is said to be expanding, shrinking and steady according as
A> 0, 1< 0 and 1 = 0 respectively.

Thus Ricci solitons are generalizations of Einstein manifolds and they are also called as quasi
Einstein manifolds by theoretical physicists.
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Eisenhart [6] proved that if a positive definite Riemannian manifold (M, g) admits a second order
parallel symmetric covariant tensor other than a constant multiple of the metric tensor then it is
reducible. In 1925, Levy [10] obtained the necessary and sufficient conditions for the existence of
such tensors. Since then, many others investigated the Eisenhart problem of finding symmetric and
skew-symmetric parallel tensors on various spaces and obtained fruitful results. For instance, by
giving a global approach based on the Ricci identity. Sharma [11] investigated Eisenhart problem
on non-flat real and complex space forms, in 1989.

Using Eisenhart problem the authors Calin and Crasmareanu [3], Bagewadi and Ingalahalli [9, 1],
Debnath and Bhattacharyya [5], have studied the existence of Ricci solitons in f-Kenmotsu
manifolds, a-Sasakian, Lorentzian a- Sasakian, Trans-Sasakian and (LCS),, manifolds.

In this paper we study Ricci solitons of Kéhler manifolds using Eisenhart problem. We use the
following results

Theorem 1.1. [11] A symmetric parallel second order covariant tensor h in a non-flat real space
form of dimension n > 2 is a scalar multiple of the metric tensor i.e.,

hx,w) =2 g(x,w) (1.2)
where X, W are vector fields and H is associated (1,1) tensor field.

Theorem 1.2. [11] A parallel second order covariant tensor h in a non flat complex space form
is a linear combination (with constant coefficients) of the underlying Kdhlerian metric and

Kdahlerian 2-form i.e.,
h(X, W) =%[(tr.H)g(X, W)+ tr.(HNRX,W)] (1.3

where X,W are vector fields, | is complex structure tensor of type (1,1), 2 is a Kdhlerian
2-form and H is a associated (1,1) tensor field.

2. Preliminaries
A Kdhler manifold is an n(even)-dimensional manifold, with a complex structure J and a positive
definite metric g which satisfies the following conditions;

JA(X) = =X, gUX,JY) = g(X,Y) and (Vy)Y = 0, 2.1)
where V means covariant derivative according to the Levi-Civita connection.
The formulae [2]

R(X,Y) = RUX,JY) 2 .2)
S(X,Y) = SUX,JY) (2.3)
SX,JY) + SUX,Y) = 0, (2.4)

are well known for a Kdhler manifold.
Definition 2.1. A Riemannian manifold with constant sectional curvature c is called a real space
form, and its curvature tensor satisfies the equation

RX,Y)Z = c{g(Y,2)X — g(X,Z2)Y }. (2.5)
Models for these spaces are the Euclidean spaces (¢ = 0), the spheres (¢ > 0) and the hyperbolic
spaces (¢ <0).
Definition 2.2. A Kdhlerian manifold with constant holomorphic sectional curvature ¢ is said to
be a complex space form, and its curvature tensor is given by
R(X,Y)Z = E gV, 2)X — g(X,2)Y + g(X,J2)]Y — g(Y,J2)]X + 29(X,JY)]Z].  (2.6)
i.e., more precisely we can define a complex space form M as follows: M is a Kéhlerian manifold
of constant holomorphic sectional curvature ¢, with its complex structure tensor J : J?2 = —I,
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Kdhlerian metric g : g(JX,JY ) = g(X,Y), Kdhlerian 2-form: Q(X,Y ) = g(X,]JY ), and the
Kdhlerian connection V: V] =0 .
The models now are C", CP™ or CH™ , dependingon ¢ = 0, ¢ > Oorc < 0.

3. Parallel symmetric second order covariant tensor and Ricci soliton in anon
flat real space form

We write the following corollary using Theorem 1.1

Corollary 3.1. A locally Ricci symmetric (VS =0) non flat real space form is an Einstein

manifold.
Proof. Take =S in(1.2).If H =Q then #.Q = r . Therefore the equation (1.2) can be written

as
S,y =Lg(x,w). 3.1)
n

Remark 3.2. The following statements for non-flat real space form are equivalent.
1. Einstein
2. locally Ricci symmetric
3. Ricci semi-symmetric
4. Ricci pseudo-symmetric i.e., R-S = L,0(g,S) where Lg is some function
Us={xeM:S§S ;ﬁcigatX} provided Lg # c.
n
Proof. The statements (1) — (2) = (3) and (3) = (4) are trivial. Now, we prove the
statement (4) — (1) is true.
Here R-S=L,0(g,S) means
(R(X,Y)-S(U,V)) = L;Q(g, U, V; X, Y),
which implies
S(RX, YU, V)+SWU,RX,Y)V)=LJ[S(X AU, V)+SWU,(X AY)V)]. (3.2)

Using equations (2.5) in (3.2) and simplifying we get

Putting ¥ =U =e, where {e,} is an orthonormal basis of the tangent space at each point of
the manifold and taking summation over i (1 <7 <n) we get after simplification that
(c=Ly)[-nS(X,V)+rg(X,V)]=0. (3.4
If (c—Lg)#0, then (3.4) reduced to

S(X,V)= % a(X,V). (3.5)

Therefore, we conclude the following.
Lemma 3.3. A Ricci pseudo-symmetric in a non flat real space form is an Einstein manifold if

L, #c.
Corollary 3.4. Suppose that in a non flat real space form, the (0,2) type field L,g+2S is
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parallel where V' is a given vector field. Then (g,V’) yield a Ricci soliton. In particular, if the

given a non flat real space form is Ricci semi-symmetric with L, g parallel, we have same

conclusion.
Proof. Follows from Theorem 1.1 and corollary 3.1, we have

(L,g+285)Y,2)= g(alivV +r)g(Y,Z)
n
Using equation (3.5) in (1.1), we get
(L,g)(X,Y)+2  g(X,¥)+24g(X,Y)=0. (3.6)
n

Putting X =Y =e, where {ei} is an orthonormal basis of the tangent space at each point of the

manifold and taking summation over i (1 <i < n), we get after simplification that

(L,,g)(ei,ei)+2£g(ei,ei)+2/1g(ei,ei) =0. (3.7
n
This implies

divl+r+An=0. (3.8)

If V' issolenoidal then divl =0 . Therefore the equation (3.8) can be reduced to

-r
=—. (3.9)
n

For a non-flat real space form 7 = cn(n—1) . Hence from (3.9), we can state the following.
Corollary 3.5. Let (g,V,A) be a Ricci soliton in a non flat real space form of dimension

(n>2). Then V is solenoidal if and only if it is shrinking i.e., spheres, steady i.e., Euclidean
space and expanding i.e., hyperbolic spaces.

4. Parallel symmetric second order covariant tensor and Ricci soliton in anon
flat complex space form

We write the following corollary using Theorem 1.2

Corollary 4. 1. A locally Ricci symmetric (V.S = 0) non-flat complex space form is an

Einstein manifold.
Proof. Take 7= in (1.3). If H =0 then tr.Q=r and tr.QJ =0 by virtue of (2.4).
Hence from (1.3) can be write

Awn2)=£goczy (4.1)

Remark 4.2. The following statements for non flat complex space form are equivalent.
1. Einstein
2. Locally Ricci symmetric
3. Ricci semi-symmetric
4. Ricci pseudo-symmetric ie., R-S =L;0(g,S) where L is some function

Ug ={xeM:S¢c£gatx} provided Lg # c.
n
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Proof. The statements (1) = (2) = (3) and (3) —> (4) are trivial. Now, we prove the
statement (4) — (1) is true.
Here R-S=L,0(g,S) means

(R(X,Y)-SU,V)) = L;Q(g, S)U,V; X,Y).
Which implies
S(RX,NUV)+SU,RX,Y)V)=L[S(X AU V)+SU,(X AY)V)]. 4.2)
Using equations (2.6) in (4.2) and putting ¥ =U = e, where {e;} isan orthonormal basis of the
tangent space at each point of the manifold and taking summation over i (1 <i < n) we get after
simplification that

AnS(X,V)=rg(X,V)]= Lg[nS(X,V) —rg(X,V)]. (4.3)
The above equation can be written as,
[Ls —c][nS(X,V)—-rg(X,V)]=0. (4.4)

If Li—c#0, then (4.4) reduced to

S(X,V)= %g(X, V). (4.5)

Therefore, we conclude the following.
Lemma 4.3. A Ricci pseudo-symmetric non flat complex space form is an Einstein manifold if

L, #c.
Corollary 4.4.  Suppose that on a non flat complex space form, the (0,2) type field L, g +2S is

parallel where V' is a given vector field. Then (g,V") yield a Ricci soliton if JV is
solenoidal. In particular, if the given non flat complex space form is Ricci semi-symmetric with
L, g parallel, we have same conclusion.

r
Proof. From Theorem 1.2 and corollary 4.4, we have A =—— as seen below:
n

L,g+28)Y,2)= l[tr(LVg +28)g(Y,Z)+tr.(L,g+25)))UY,2Z)]
n
= l[2(divV +r)g(Y,Z)+2(divJVYQY,Z)+ 2(tr.S))QY,Z2)], (4.6)
n
by virtue of (2.4) the above equation becomes
(L,g+285)Y,2)= g[(a’ivV +rg(Y,Z)+ (divJV)YQY,2)]. 4.7
n

By definition (g,V,A) yields Ricci soliton. If divJV =0 then divl =0 becouse
JV =iV ie.,

(LVg+2S)(Y,Z)=£g(Y,Z)=—2/1g(Y,Z). (4.8)
n
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r
Therefore A =——

n
Corollary 45. Let (g,V,A) be aRicci soliton in a non flat complex space form of dimension

(n>2).Then V issolenoidal if and only if it is shrinking i.e., CP", steady i.e., C" and
expanding i.e., CH".

Proof.
(LVg)(Y,Z)+2S(Y,Z)+21g(Y,Z)=O, (4.9)
using equation (4.5) in (4.9) we get
(L, @)Y, Z)+2"g(¥,Z)+24g(Y,Z) =0, (4.10)
n

Putting ¥ = Z = e, where {e[} is an orthonormal basis of the tangent space at each point of the

manifold and taking summation over i (1<i<n), we get

r
(Lyg)e.e)+2—gl(e.e)+2Ag(e,e)=0. (4.11)
n
The above equation implies
divl+r+An=0. (4.12)
If V' issolenoidal then divl) =0 . Therefore the equation (4.12) can be reduced to
-r
A=—-.
n
c —c
for a non-flat complex space form 7 = Z(n —2) . Hence from the above A =——(n—2).

Conclusion.
From corollaries 3.2 and 4.5 we conclude the following:
According to corollary 3.2

(L,g+285)Y,2)= g(alivV+r)g(Y,Z)
n

and in this equation the solenoidal condition does not affect for the existence of Ricci soliton in non
flat real space form, but according to corollary 4.5

(L,g+28)Y,Z)= 2U(divV +r)g(Y, Z)+ (divJV )Y, Z)  (413)
n

and in this equation solenoidal condition affects for the existence of Ricci soliton in non flat
complex space form, unless divJV =0.

REFERENCES

[1] C. S. Bagewadi and G. Ingalahalli, Ricci soltons in Lorentzian a-Sasakian manifolds, Acta Mathematica
Academiae Paedagogicas Nyiregyhaziensis, 28(1), (2012), 59-68.

2] D. E. Blair, “A Contact manifolds in Riemannian geometry”, Lecture Notes in Mathematics, 509, Springer,(1976).

3] C. Calin and M. Crasmareanu, “From the Eisenhart Problem to Ricci Solitons in f-Kenmotsu Manifolds”, Bull.

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 6, 2015, pp. 32-38



38

[4]

(5]

(6]

M. M. PRAVEENA, C. S. BAGEWADI AND P. SOMASHEKHAR

Malays. Math. Sci. Soc, (2) 33(3) (2010), 361368.

B. Chow, P. Lu and L. Ni, “Hamilton’s Ricci flow”, Graduate Studies in Mathematics, American Mathematical
Society Science Press,77,2006.

S. Debnath and A. Bhattacharyya, “Second Order Parallel Tensor in Trans-Sasakian Manifolds and Connection
with Ricci Soliton”, Lobachevskii Journal of Mathematics, 33(4) (2012), 312-316.

L. P. Eisenhart, “Symmetric tensors of the second order whose first covariant derivatives are Zero”, Trans. Amer.
Math, Soc. 25, 2 (1923), 297-306.

R. S. Hamilton, “Three manifolds with positive Ricci curvature”, J. Diff. Geom. 17 (1982), 255-306.

R. S. Hamilton, “The Ricci flow on surfaces”, Mathematics and general relativity (Santa Cruz, CA, 1986),
Contemp. Math., 71, American Math. Soc., 1988, pp. 237-262.

G. Ingalahalli and C. S. Bagewadi, “Ricci soltons in a-Sasakian manifolds”, ISRN Geometry, (2012), 13 page.

H. Levy, “Symmetric tensors of the second order whose covariant derivatives vanish”, Ann of Math,(2), 2 (1925),
91-98.

R. Sharma, “Second order parallel tensor in real and complex space forms”, Internat. J. Math. and Math. Sci., 12(4)
(1989), 787-790.

P. Topping, “Lectures on the Ricci flow”, (Cambridge Univ. Press, 2006).

H.G. Nagarajal and C.R. Premalatha “Ricci solitons in f-Kenmotsu manifolds and 3-dimensional Trans-Sasakian
manifolds” Progress in Applied Mathematics 3 (2), 2012,1-6

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 6, 2015, pp. 32-38



JMI INTERNATIONAL JOURNAL OF VOL 62015 |39-42
MATHEMATICAL SCIENCES

Submanifolds of codimension r of an HGF-structure manifold

C.S. Prasad' and Jaya Upreti?

1 Department of Mathematics, D. B. S. (P. G.) College, Kanpur-208006 (India)
2 Departments of Mathematics, Kumaun University, S. S. J. Campus, Almora-263601 (India)

Abstract: In this paper we consider an HGF structure manifold and show that its submanifolds of codimension r admits a
generalized Norder r-contact metric structure. Conditions for the integrability of such a structure are studied. A result
connecting the curvature tensors of the manifold and of its submanifold is established.

1. Preliminaries
Let M™ be an n —dimensional differentiable manifold of differentiability class C*. Let there
exists on M™ a nonzero tensor field ¢ of the type (1,1) satisfying
6 = —a2] (1.1)
where ‘a’ is a complex number. Then {¢} is said to give to M™ a hyperbolic differentiable
structure, briefly known as HGF-structure and the manifold M™ is called HGF-manifold. Suppose
further that M™ be endowed with a metric tensor G, such that
G(pX*, pY*) —a’G(X*, Y*) =0 (1.2)
for arbitrary vector fields X* and Y* on M™, then {¢, G} is said to give to M™ a hyperbolic
metric or hyperbolic Hermite structure [1].
Let '¢p(X*, Y*) is the tensor field of type (0,2) given by
DX, YY) =G(pX*, Y. (1.3)
We can prove the following results easily
'D(pX*, V) = —'O(X*, ¢pY*) = —a’G(X*, Y*)
'D(PpX*, Y*) = a?G(X*, YY) (1.4)
'D(X*, V) =0, X¥)
If D be the Riemannian connection on M™ then
Dy:Y*— DyX*=[X*, Y*], DyG=0. (1.5)
Let N be the Nijenhuis tensor formed with ¢; then
N&X™, Y= [X", ¢Y*] = ¢ldpX", Y] = $lX*, ¢Y*]+ $*[X", Y']. (1.6)
In an HGF-structure manifold the structure tensor ¢ is parallel if
(Dx+¢)(Y™) = 0. (1.7)
Let M™™" be a submanifold of codimension r of the HGF-structure manifold M™. Let there exists a
tensor field F of type (1,1),r, C*-contravariant vector fields 9(61 , r C*1 —forms ﬁ, (r, some finite
integer) on M™™" satisfying [5]
F2=—a?[-3_u® U. (1.8)
Also
uoF +35_,0) u =0, FU+5540% U
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U (U)+ 3,0;0% = —a?8; (1.9)
y
where x,v,z = 1,2,....,1, 63’,‘ denotes the Kronecker delta and @i are scalar fields. [4]
If the submanifold of M™™" admits a Riemannian metric g satisfying
X X
g(FX,FY) +a?g(X,Y) + XL u(X)u(Y) = 0, (1.10)

then we say that M™~" admits a generalized Norder r —contact metric structure and the manifold
M™ " a generalized Norder r —contact metric structure manifold.

2.  Submanifolds of co-dimension r

Theorem 1. The submanifold M™ " of co-dimension r of an HGF-structure manifold M™admits a
generalized Norder r-contact metric structure.

Proof. Let M™™" be the submanifold of co-dimension r of an HGF-structure manifold M™. If B
denotes the differential of the immersion i: M™™" — M™, a vector field X in the tangent space of

M™ " determines a vector field BX in that of M™ Let N, x =1,2,......... r be r mutually
orthogonal fields of unit normal vectors defined on M™™". Tlfus we have
G(BX,BY) = g(X,Y), G (BX, XN) =0, G ( N, 1yv) =57, @.1)
The vector fields ¢BX and ¢ I¥ can be expressed as
(a) $BX =BFX —¥Y"_,u(X) N 2.2)

(b) N =-BU+ X,_,0% N,
x x y
X
where F is a (1,1) tensor field, u, 1 — forms and U vector fields on the submanifold M™™"

X
x=1,2, cccvrvnnnn... 7).
Operating by ¢ on both the sides of (2 2(a)) and usmg the equations (1 1) and (2.2) we have

y
—a?BX = BF?X — Z w (FX)N — Z w(X){—BU + Z@fﬁ N
y=1 = =1 Y

Comparing tangential and normal vectors we get
y
F?= —q?] — T_lii@U UF +¥7_,0% 1 =0. 2.3)
Operating by ¢ on both the sides of (2 Z(b)) and using the equations (1 1) and (2.2) we obtain

—a?N = - {BFU Z } Zey{ BU + Z@Z }

z=
On comparing the tangential and normal vectors we have

FU+355.0) U=0, (V) +355-1050% = —a? 6% 2.4)
If g is the induced metric on M™™ ", then by virtue of the equations (1.1), (2.1) and (2.2) we
have

g(FX,FY) + a?g(X,Y) + ¥l_ u (X)u(Y) = 0. 2.5)

In view of the equations (2.3), (2.4) and (2.5) the theorem follows.
Theorem 2. A4 totally geodesic submanifold M™™" with a generalized Norder r-contact structure
of a HGF-structure manifold is integrable.
Proof. Let D is the Riemannian connection on M™ and D the induced connection on the
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submanifold M™ " . Then the equations of Gauss and Weingarten can be expressed as

_ x
DBXBY = BDXy‘I' Z;zl}[(x, Y)N, (26)
X
_ x
DaxN = —B H(X) + X5,O%N @.7)
x y
X
where H(X,Y) are the second fundamental forms and
X X
HEY) =g (H(X), Y). 2.8)
Suppose that in HGF-structure manifold M™ the structure tensor F is parallel. Hence we have
(Dpx®)(BY) =0 or equivalently Dgx¢BY = ¢pDyyBY.

By virtue of the equations (2.2), (2 6) and (2.7) the last equatlon takes the form

Dpx {BFY - Z u (Y)N} =¢ [B DY + Z H (X, Y)N}

x=1 x=1

or equivalently

r T r

x x
B DyFY + Z H (X,FY)N — Z U -BHX) + Z@,&v
x=1 i x=1 y=1 Y

r T T
X
= BFDyY — Zﬁ(DxY)N +Z?—[ X,Y){—BU + Z@;’N
X
x=1 x=1 =T
Comparing tangential vectors from both the sides we have

DyFY + Z L (NHX) = FDyY — Z H (X,
x=1 x=1
or equivalently

X X
PV + Zhey [uDHEX) + H (X, Y)U} = 0. 2.9)

The Nijenhu is tensor N(X,Y) for the submanifold M™™" can be written as

NX,Y) = (DexF)(Y) — (DpyF)(X) + F(DyF)(X) — F(DxF)(Y). (2.10)
The submanifold M™~" be totally geodesic, the necessary and sufficient condition is that

HX,Y) = 0 =121,

Thus in view of the equations (2.8) and (2.9) it follows that Dy F = 0. Hence in consequence of
(2.10) we have N(X,Y) = 0. Thus we have the proof of the theorem.

3. Curvature tensors

Suppose that W, X,Y,Z are arbitrary vector fields on an open set A in the neighbourhood of a
point of the submanifold M™". If 'R and 'R are the Riemannian Christoffel curvature tensors of
M™ and M™ 7, respectively, we have

'R(BW,BX,BY,BZ) = 'R(W,X,Y,Z) + zzzl{ff(x,z)ff(w,y)—ff(x,y)ff(w,z)}. (.1)

If the manifold M™ admits constant holomorphic sectional curvature k, we have
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'R(BW,BX,BY,BZ)
k
=2 [G(BW,BZ)G(BX,BY) — G(BX,BZ)G(BW,BY)
+ '®(BW,BZ) ®(BX,BY) — '®(BX,BZ) ®(BW,BY)
+ 2 '©(BW,BX) '®(BY,BZ)]
(3.2)
From equations (1.3) and (2.2) it can be proved that
'D(BX,BY) = F(X,Y) & g(FX,Y). (3.3)
Hence, in view of equations (2.1) , (3.2) and (3.3) , the equation (3.2) takes the form

RW,X,Y,Z) = %[g(W,Z)g(X, Y)—gX,2)gW,Y)+'F(W,2)F(X,Y) —
F(X,Z)FW,Y)+2'F(WW,X)F(Y,Z)] +
- {ff(X, VYH W, Z) — H X, D)FHW, Y)}. (3.4)
Thus we have

Theorem 3. Let M™ be an HGC-structure manifold of constant holomorphic sectional
curvature k. Then the curvature tensor of the submanifold M™" satisfies the equation (3.4).

Acknowledgment. The author is thankful to the referee for his/her comments.

REFERENCES
1. S.B. Pandey and Lata Bisht, "On HGF-Structure manifolds", Jour. Inter. Acad. Phy.Sci., 12 (2008), 173-177.

2. K.L. Duggal, "On differentiable structures defined by algebraic equations (1) Nijenhuis tensor", Tensor 22(1971),
238-242.

3. K. Yano and M. Kon, Structures on manifolds, world scientific (1984).

4. Lovejoy S.Das, Ram Nivas and Meera Mishra, "Submanifolds immersed in a generalized HSU quaternion manifold,"
Demonstration mathematica, (3) 39, (2006), 639-642.

5. Ram Nivas and suab Ahmad, "A submanifold of co-dimension r of an H-structure manifold", Rev. Mat. Univ. Parma
(4) 16 (1990), 167-172.

6. R. P. Rai, "Submanifolds of co-dimension 2 of an almost hyperbolic Hermite manifold ", Jour. Indian Acad. Math.(1)
9 (1987), 01-10.

7. R. S. Mishra, "Structures in a differentiable manifold and their applications", Chandrama Prakashan, Allahabad,
India, (1984).

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 6, 2015, pp. 39-42



JMI INTERNATIONAL JOURNAL OF VoL 62015]43-52
MATHEMATICAL SCIENCES

Hybrid Projective Synchronization of incommensurate fractional
order chaotic systems

Khan Ayub and Muzaffar Ahmad Bhat

Department of Mathematics, Jamia Millialslamia, New Delhi-110025, India

Department of Mathematics, Jamia Millialslamia, New Delhi-110025, India
E-mail : akhan12@jmi.ac.in; mzfar012@gmail.com

Abstract: This article deals with the hybrid projective synchronization between two identical incommensurate fractional
order Lorenz system using active control technique. The chaotic attractors of the system are found for different fractional
order time derivatives described in Caputo sense. Numerical simulation results which are carried out by using
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nonlinear dynamical evolutionary systems.
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1. Introduction

The theory of derivatives of fractional order, i.e., non-integer order, goes back to Leibniz’'s notein
hislist to L’ Hopital, dated 30 September 1695, in which the meaning of derivative of order one half
was discussed. Fractional calculus is a 300 year old mathematical topic. Although it has a long
history, the applications of fractional calculus to physics and engineering are just a recent focus of
interest [1] and [2]. It was found that many systems in interdisciplinary fields can be elegantly
described with the help of fractional derivatives. Many systems are known to display
fractional-order dynamics, such as viscodastic systems [3], dielectric polarization [4],
electrode—electrolyte polarization [5], electromagnetic waves [6], and quantum evolution of
complex systems [7]. In recent years, chaotic phenomenon have been found in many
fractional-order nonlinear systems, such as the fractional-order Lorenz chaotic system [8],[9],
Chua's fractional-order chaotic circuit system [9], the fractional-order modified Duffing chaotic
system [10], the fractional-order Rosser chaotic system [11],[12], the fractional-order Chen
chaotic system [9]-[11], the fractional-order memristor chaotic system [13], and so on.

In 1999, projective synchronization was first proposed by Mainieri and Rehacek [14], where the
drive and response systems were synchronized up to ascaling factor. Its proportional feature can be
used to extend binary digital to M-nary digital communication for achieving fast communication
[15]. Both complete synchroni zation and anti-phase synchronization are special cases of projective
synchronization. Recently, various kinds of projective synchronization for fractional order chaotic
systems without time-delay have been studied, such as hybrid projective synchronization [16],
generalized projective synchronization [17], function projective synchronization [18], lag
projective synchronization [19] and modified projective synchronization [20]

The study of hybrid projective synchronization between two identical incommensurate fractional
order chaotic systems has invoked the interest in the authors to investigate the time required for
hybrid projective synchronization between fractional order chaotic systems.Active control method,
proposed by Bai and Lonngren [21] is simple and easy to implement in practical applications of
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synchronization of coupling of a pair of systems and has received huge attention during last few
years [22, 23, 24]. Hybrid projective synchronization between identical and non-identical chaotic
systems using active control method in both standard order and fractional-order systems are already
been studied [25, 26, 27]. Keeping in view, the challenges for detecting transformation of
dynamical variables between the identical or non-identical systems during synchronization
tremendous applications of fractional calculus in various areas of science and engineering and
effectiveness of the active control method, the authors are motivated to make an attempt to do a
coupling of identical incommensurate fractional-order chaotic systemsto receive different types of
information from the systems due to its memory effect and greater degrees of flexibilities.

In this article, we have studied the hybrid projective synchronization between identical
incommensurate fractional-order chaotic systems using active control method. Using the
Adams-Boshforth—-Moulton method [28, 29], computer simulations are carried out for different
order fractional time derivatives and are displayed graphically to demonstrate the efficiency of the
proposed approach. The authors think that the article will be a useful contribution to the scientific
literature on the methods of control for nonlinear dynamical systems.

2. The Review and The Approximation of A Fractional Operator
The differintegral operator, denoted by , th , is a combined differentiation-integration operator

commonly used in fractional calculus. This operator is a notation for taking both the fractional
derivative and the fractional integral in asingle expression and is defined by:

dq
aer 970
D= 1, :g=0 (1)

[(@dr), :q<0

There are some definitions for fractional derivatives1]. The commonly used definitions are
Grunwald-Letnikov, Riemann-Liouville, and Caputo definitions. The Grunwald-Letnikov
definition is given by:

Dit) =210

:da—)q

‘llm[ qZ( 1)’ [ )f(t— [—])

The Riemann—L.iouville definition is the smplest and easiest definition to use. This definition is
given by:

2

drf(t)

T d(t-a )q
1

F(n q) dt”

D7)
©)

ktrrq1uﬂdu)
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where N isthefirst integer whichisnotlessthan ,i.e, N—=1<qg<n and [' isthe Gamma
function defined as:

I(z)= [t dt @)
0

For functions f (t) having N continuous derivatives for t>0 where n—-1<q<n, the

Grunwald-L etnikov and the Riemann—Liouville definitions are equivalent. The Laplace transforms
of the Riemann—Liouville fractional integral and derivative are given asfollows:

L{,D/f(t)} =SF(s):q<0. (5)
n-1

L{,D{ f (t)} =S*F(s)- D SgDif (0).n-1<g<neN (6)
k=0

Unfortunately, the Riemann-Liouville fractional order derivative appears unsuitable to be treated
by the Laplace transform technique in that it requires the knowledge of the non-integer order
derivatives of the function at t = 0. Thisdifficulty does not arise in the Caputo definition that is
sometimes referred as smooth fractiona derivative in literature. This definition of derivative is
defined as

! J't f (T)lf dr, :m-1<g<m
L(m-g)* (t-r)™"
d™f(t)
Df = —, ‘g=m (7
0™t dtm q

where M isthefirst integer larger than ( . Itisfound that the equations with Riemann—Liouville

operators are equivalent to those with Caputo operators by homogeneous initia conditions
assumption [1].

3. Stability of Fractional Order Systems

Stability of fractional order systems has been thoroughly investigated where necessary and
sufficient conditions have been derived in [30]. The stability region of a linear set of fractional
order equations, each of order (, such that 1< q < 2 is shown in figure 1. An autonomous

Vg
systemisasymptotically stableiff |argA |>q7 issatisfied for al eigenvalues A of matrix A
Also this system is stable iff |argA |2q77Z is satisfied for all eigenvalues of a matrix A and

T
those critical eigenvalues which satisfy |argA [> q7 , and have geometric multiplicity one [30].
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Author name

jo A
stable
stable unstable
g2
o
»
-qril2
stable unstable
stable

Figure 1 : Stability of fractional order systemssuchthat 0 < <1

4, System Description
The fractional order incommensurate L orenz system is described as
dx,
dt® - a1(X2 - Xl)
d“2x
dt“ 2 o= CiX = X X3 = X, (8)
d“u
ez =X, —bx,

where «;,a, and «a, ae the fractional orders and for the parameter values
a=10,b =8/3,c = 28 the system yields a chaotic attractor. The chaotic attractors for different
vauesof o; =0.98,a, =0.99 and a, =1 aredisplayed in Figs. 2(a-d)

0,
45|
40|
i

J:I(IJ l‘[l.l
cc Gl )

Figure 2: (a)3-Dimensional chaotic attractor of system (8) for ¢; = 0.98,c, = 0.99 and
a, =1 (b) 2-Dimensional chaotic attractor of system (8) with &; = 0.98,r, =0.99 and
o, =1
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Definition. The fractional order chaotic drive and response systems can be described as follows:

d” 0 = £ (0 121,23 ©
dt“

and
D = gy +4(x,) (10

where X eR",y e R™ are state vectors of the drive system (9), and the response system (10)

and f,g:R" — R" are continuous vector functions, respectively, @(X,y) is a vector

controller to be designed.
For the drive system (9) and the response system (10), the Hybrid Projective Synchronization
(HPS) isachieved if thereexist an NN invertible matrix A such that

limlle() I Ay ~x|}= 0

where || ®|| isan Euclidean norm.

Remark. If A=adl;o0 R, the hybrid projective synchronization problem will reduce to
Projective Synchronization(PS) where | is an NXN matrix with proper dimensions.In
particular if 0 =1 and o =—1 the problem is further simplified to complete synchronization
and anti-Phase synchronization,respectively. If A =diag(a,,a,,...,a,) where a,,a,,...,a,

arenot al zerosand @; # a j for some i and |, then the Modified Projective Synchronization

will  appear. Therefore Complete synchronization, anti-synchronization, projective
synchronization, and modified projective synchronization are the special cases of Hybrid
Projective Synchronization.

5. Hybrid projective synchronization between incommensurate fractional order
Lorenz system

In this section, the incommensurate fractional order Lorenz system is considered as the drive
system

d“x

dtall = ai(xz - Xl)
d2x, _

dt?2 =CiX — X X3 =X, (11)
d“3x

d ta33 =X X; — b1X3

and al so the anal ogous response system as
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d™y,
—= = (Y, - Y,) +u(t)
dtl a1 2 1 1
d2y, _
dtzxz - Clyl - y1y3 - y2 + u2(t) (12)
dasys
== =YY, by, +U,(t)
dt 3 172 1J3 3

where U(t) = [u,(t),u,(t),u,(t)]" isthecontroller to bedesigned. To investigate the the hybrid
projective synchronization of the system (11) and (12), we define the error states as

e,(1) = V1(0) + 2%, (1), €,(t) = Y, (1) = 2%,(1), £5(t) = (1) + X5 (D).

The corresponding error dynamicsis obtained by using (11) and (12) as

d, _
o Tas-ag+dax ()
d“%e, _
dt2 =C8 -8 - 4X2 ~Y1Ys— 2X1X3 + uz(t) (13)
d%e, _
- _ble3 T Y1y, XX, + U3(t)-
dt™
Choosing the control functions as
u(t) =ae, —ae +43,x +v(t)
Uy(t) =ce;—e, —4X, — Y1V — 2% X5 + V, (1) (14)
Ug(t) =-bley+y,Y, + XX, +Vs(t).
By using the (14) into (13), we find that
d%, e, —a,e, +V,(t)
roalEl C L O
de, _
dt—az =08 -6V, (t) (15)
*
978~ pie +v,00).
dt3

where Vv, (t),V,(t),Vv;(t) arethelinear control inputs chosen such that the system (15) becomes
stable.

JIMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 6, 2015, pp. 43-52



Hybrid Projective Synchronization of incommensurate fractional order chaotic systems 49

Next consider
v,(t) e,(t)
Vo) | _ | & ©
V4(t) es(t)

where M isa 3x3 matrix. In order to make the closed loop stablethe matrix M ischosenin
such a way that the eigenvalues A, of the matrix M of the feedback system satisfy

larg (1) [> %,i =123

Consider the following matrix

a-1 -a O
-c O 0
M =
0 0 b-1
Then the error dynamics becomes
D (t) =& (y) (17)

Here dl the eigenvalues of the the matrix M ae -1 , which satisfy
larg(4) > % i1 =1,2,3 0<a <1. Therefor the error system convergesto zero as t — oo

and therefore hybrid projective synchronization between the systems (11) and (12) is achieved.

5.1. Numerical simulations and results
During the simulation to demonstrate the hybrid projective synchronization behaviour between two
identical incommensurate fractional order Lorenz chaotic system, the parameter values are

considered as a =10,b = 8/3,¢c = 28, thetime step sizeistaken as 0.005. Theinitial valves
of the state variables (X%,(0),X,(0),%;(0)) and (y,(0),Y,(0),y5(0)) are taken as
(0.3,0.4,0.5) and (0.1,0.4,0.7) respectively, so that the initia errors are (0.7,-0.4,1.2) .
Also we chose the scaling matrix a = diag.(—2,2,—1) . Figure 3(a-d) respectively displays that
the state vectors are synchronized in a hybrid projective synchronizing manner for the fractional-
order derivatives o; = 0.98,a, =0.99,;, =1
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Figure 3 : (a)Response for states X, (t) and Y,(t) (b) Responsefor states X, (t) and Y, (t)
(c) Response for states X, (t) and Y, (t) (d) Synchronization errors €;,e, & €, between the
system (11) and (12)

6. Conclusion

In this paper, the hybrid projective synchronization between identical commensurate fractional
order system using active control using active control method based on fractional order stability
theory have been investigated. Hybrid projective synchronization (HPS) is a more general
definition of projective synchronization, in which the drive system and response system could be
synchronized up to avector function factor. Hybrid projective synchronization is different from the
projective synchronization and more beneficial to enhance security of communication than any
other synchronization because it is obvious that the unpredictability of the vector function factor in
hybrid projective synchronization is more than that of the same scaling factor in PS. The numerical
simulations exhibit the validity and feasibility of the proposed scheme.Numerical and
computational result are in excellent agreement.
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On Special P'-Symmetric Finsler Spaces

S.K. Tiwari

Department of Mathematics, K.S. Saket P.G. College, Ayodhya-Faizabad-224123 (India)
E-mail: sktiwarisaket@yahoo.com

Abstract: The object of present paper is to investigate the condition under which n-dimensional Finslerspace reduces to a
p’-symmetric Finsler space. We have obtained that certain special Finsler spaces becomes PY-symmetric Finsler space
under usual conditions. Some basic properties of aforesaid symmetric Finsler space have been discussed.

1. Introduction
Let F, be an n-dimensional Finsler space with a fundamental function L(x,y), (y* = x*). From
L(x,y), the following well known tensors are obtained :

li=:_)l:i:hij=L(§_;ii)~ (1.1)

These are called respectively the normalized supporting element and the angular metric tensor.

1 aszj
8 =5 7ia p b =8P
, Z[Gyé‘y’ o 12)

The fundamental tensor gj; is also written as g = h;; + 1il;, Py is called the V(hv) torsion tensor and
satisfies Pijkyk =0.

T/
The V-covariant derivative / |k of Finsler tensor field of (1,1) type is defined by
i 8’1—7 r i i
T, =S5+ TG~ T/C,
Yy (1.3)

Definition 1.1. A Finsler space F,, is called C"-recurrent, if the (h) 4v-torsion tensor Cjik satisfies
the equation [2]
C!

Jjk|h

=K,C,.C,

k> ijk|h

KCo (1.4)
where |h denotes the 4-covariant differentiation, K;, = Ky(x,y) is a co-variant vector field.
The equation (1.4) is denoted by the relations
(@  Ciilo = KoCijx (1.5)
(b) Py = KoCiji
(C) Pi = K()Ci = Ci|()
(d P=K,=C(.
Definition 1.2. A Finsler space F,,, (n>2) is called a P-reducible, if the V(/v) torsion tensor Py is of
the form [1]

1
P =——(Ph,+Ph_.+Ph,.
ijk n+1( i'"jk Jj ki k 1])' (16)
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Definition 1.3. A Finsler space F,, (n>2) is called a C-reducible, if the /(/v)-torsion tensor Cyj is of
the following form [3]

1
C,=——\Ch,+Ch, +C.h,
it n+1( P+ G+ Coly) (1.7)
We shall use the following lemma [6].
Lemma. There exists a scalar a in a C-reducible Finsler space such that

LC|,+Cl,+CJl = ah,
This equation satisfies in the following form

LPI.|]. +Pl+ Pl =al,h; (1.8)

We list up miscellaneous formulas [5], which have been used in the chapter.
: yi d
(a OL=1I= T where 0; = e (1.9)

0 =gy ="
© o=l
d oli= %

()  Oxhi = —(hk + hyl") and

(O Okhi; = 2Ci — (Rl + hypeli) /L
Here, we shall list up the h-covariant and V-covariant derivatives of some fundamental tensors for
latter use (6).

=0
@

L|i =1

yi‘j =3;
@ 70

1

VoL (1.10)

@ "m0
1

Iy = —Z(hiklj +hyl)

(e) Site = 0,

g(}{ =0’ gij|k =0’ gij|k =0
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o =0

zf\j =%(53—ll’1j)

The V-curvature tensor Sy is given by
Shljk CherL] + ChkTP Ch]‘r (11 1)
This equation can be written as the using (1.5), we have
Shl]k|0 - KOShl]k - PhkT'Cl] + ChkrPU Ph]T'Clk CheriT;C' (1-12)
The Ricci-identity involving the v-covariant derivative is given by [6]
T;k‘l|m | ‘ = T Salm T S/lm T Sklm (113)
2. PY-Symmetric Finsler Space

Definition 2.1. A Finsler space F, which satisfies the equation.
P —P.1.1,=0

igk|l|m ijk | m (21)
is defined as P"-symmetric Finsler space. Since Fid, is completely symmetric, therefore °#!!» is
also completely symmetric for P¥-symmetric Finsler space.

Contracting (2.1) g and using the fact that 8l =0 , then (2.1) becomes

Pk‘l‘m Pk n 20' (22)
In view of the identity (1.13), the condition (2.1) reduces to :

Paijicle + Pigi ]cllm + Pijas;cllm =0. (2.3)
Applying Ricci identity (1.13) to (2.2) also, we have
Pgiclilm = Paiclmli = —PaSkim = 0. (2.4)

In a two-dimensional Finsler space F,, the v-curvature tensor S* ikt vanishes identically. Hence (2.3)
holds good for a two-dimensional Finsler space F,. For a P,- hke Finsler spaces,

Py =L if P#0. (2.5)
The v-curvature tensor S’ ikt Of Po-like ﬁnsler space is zero, can be seen by putting Pjjc and Cjj, from
(2.5) in (1.12). Hence for a P,-like Finsler space (2.3) satisfies. Therefore, we have

Theorem 2.1. Two dimensional and P--like Finsler space are P’-symmetric.

3. PY-Symmetric Properties of a P-reducible Finsler space

We shall return to consider a P-reducible Finsler space. Then from (1.8), we get
Py = = G.1)

Taking V-covariant derivative of above with respect to y* and using (1.10a), (1.10c), (1.10d) and
(3.1), we get

‘ | = a|0|kh” + 0ol OL|0h L|
AN k L L2

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 6, 2015, pp. 53-57



56 S.K. TIWARI

L(P|L;+PL|,) - RLL|,

kb i

L2

B L(P|id; + PI|,) - PLL|,

L2
Al h, 1
_ |0|1< ij
|5l = T—Falo(hijlk +2h, 1, +2h,1)
! h h 2 1.l L1 Ll
_F(Pz jk+Pj kz‘)+F(Rjk+iji+Pkij) (32)
From (3.2), we get
Ay — 0| B
_ |0|k ij [o]j "%k O
Pi‘j|k—P,-‘,-|k— I e (hiklj_hijlk)
1
——2(Pjhik - thij)
L (3.3)
For PV-symmetric Finsler space, equation (3.3) reduces
L(a|0|khij - 0f|o|jhik) - a|0(hiklj - hijlk) - (Pjhik - thii) =0
Contracting above result by g’, we obtain _
L[ = Dayolic = ol (8 = V)] = o (8 — Ul )l — (n = Dy |
=[A(8c = VL) — (= DP] = 0.
Or L[(n = 2)apx + a'|0|jlflk] + (= Daply + (n—2)P, =0
Or  (n—2)Laplx + %'?yjlk +(—Daply+(n—2)P, =0
Because Ziyl;’yj = —a)o, as a is a homogeneous of degree —1, therefore, we have
(n—=2)Lapl + (n—2)apply + (m—2)P, =0
Or
(n—2)[Layoli + apoli + P] =0, (3.4)
For n>2, (3.4) reduces to
La|0|k + a|0lk + Pk =0 (35)

Proposition 3.1. If a P-reducible Finsler space is P'-symmetric, then the scalar o, given by (1.8)
satisfies (3.5).
Let us work out the condition under which a P-reducible Finsler space is also P"-symmetric. Putting
the values Pjjc and Cjj from (1.6) and (1.7) in (1.12), then the condition (2.4) reduces to
P-Siimjo = P[PlaCity + Cla Pty — BhaCil — ChaPi] =0
B6PSfimio = Gz P [(FPa +hEPy + hiaPT) (W Cy + BECi + By C®)
+(hjC, + hLC, + hy, CTY(RER, + RSP + by, P)
~(hwPy + hiPy 4 Ry PT)(REC, + h{C; + hyCY)
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~(hCo + h5Coy + hipoCT)(REP, + hEP; + Ry PP)] = 0

Or
2
P.Siimlo = T D2 (PP — hyPr] =0
Or
Pihiy — hyP, = 0 if P? %0 (3.7

Contracting (3.7) by g™, we have
(n—2)P — (6" = I™DB, =0
(Tl—Z)Pl—Pl =0

(n—-2)P,=0 (3.8)

for n> 2, (3.8) reduces to
P=0 (3.9)

It is obvious from (1.6) that if P; = 0 for a P-reducible Finsler space, then P;;=0 immediately, so that
the space is concluded to be Riemannian.
Thus, the theorem
Theorem 3.1. If P-reducible Finsler space is P'-symmetric, then it will be a Riemannian space.
Therefore o vanishes.
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