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Modified Szász-Kantorovich type operators with two parameters 
using Charlier polynomials 
 
Abdul Wafi, Nadeem Rao 
 
Department of Mathematics, Jamia Millia Islamia, New Delhi-110 025, India    
E-mail: awafi@jmi.ac.in, nadeemrao1990@gmail.com  
 
Abstract: The aim of this article is to introduce the Kantorovich form of generalized Szász-type operators involving 
Charlier polynomials with certain parameters. In this paper, we discuss the rate of convergence, better error estimates and 
Korovkin-type theorem in polynomial weighted space. Further, we investigate the local approximation results with the help 
of Ditzian-Totik modulus of smoothness, second order modulus of continuity, Peetre’s K-functional and Lipschitz class. 
Keywords: Szász operators, Charlier polynomials, Ditzian-Totik modulus of smoothness, Peetre’s K-functional, Lipschitz 
class. 
2010 Mathematics Subject Classification 41A10, 41A25, 41A36, 41A36.  
 
1. Introduction 
Approximation theory plays an important role in mathematical analysis and other branches of 
mathematics. The results of theory of approximation is generally related to positive linear 
operators, and deals with rate of convergence and order of approximation. Weierstrass was the first 
who gave an important theorem, namely, Weierstrass approximation theorem in this regard. The 

aim of this theorem is to minimize the maximum value of |)()(| xPxf n  for the continuous 

functions f  on ],[ ba , where )(xPn  is a sequence of polynomials of degree n . The proof of 

this theorem was considered very difficult until Bernstein gave an elegant and simple proof of it. 
Bernstein [1] defined the positive linear operators using binomial distribution in the following way  
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kn xxcxP  )(1)=(, , [0,1]x  and proved pointwise and uniform 

approximation in the space of continuous functions on [0,1] . These operators provide the 

powerful tool for numerical analysis, computer added geometric design (CAGD) and solutions of 
differential equations. But these operators are not suitable for discontinuous functions. Later on, 
Kantorovich [2] generalized the Bernstein operators for integrable functions as  
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Szász [3] introduced linear positive operators in the sense of exponential growth on non-negative 
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 , )[0,Cf  and bounded on )0,(  . Several generalizations 

of these operators have been studied by different researchers ([4]-[6]). A generalization of 
operators (1) was given by Stancu [7] depending on the parameters   and   such that 

 0  on [0,1] . Many operators preserve the constant and linear functions but these 

operators do not preserve 2x . King [8] introduced a method in order to preserve 2x  for the 
Bernstein operators. 
Recently, Varma and Tasdelen [9] gave a generalization of well known Szász-Mirakjan operators 
using Charlier polynomials [10] having the generating function of the form  
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 where k)(  is the Pochhammer’s symbol given by 

 

1,2,....=1),1)...((=)(1,=)( 0 kkk    

 We note that for 0>a  and 0u , Charlier polynomials are positive. Varma and Tadelen [9] 
defined the Szász-type and Kantorovich-Szász-type operators operators as  
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where 1>a , 0,1,2...=1,2,3...,= kn  and 0x .  

Motivated by the above development, we define a Kantorovich version of anT ,  with two 

parameters  0  as  
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We observe that 
 

(i) if 0==   and xxr an =),;(*
,  , operators (7) reduce to operators (6), 

and 

(ii) for 0==   and xxr an =),;(*
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n
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operators (7) reduce to the Classical Kantorovich-Szász operators. 
In the present paper, we discuss the rate of convergence for continuous functions, first order 
derivative of the function and weighted Korovkin type theorem. Further, we investigate some direct 
and local approximation results using Ditzian-Totik modulus of smoothness, second order modulus 
of continuity, Peetre’s K-functional and Lipschitz space.  
 
2.   Basic Estimates 
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Proof.  In view of Lemma 2.1 and linearity property we can easily prove this Lemma. 
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3.   Order of approximation for the function f  and derivative of f  

Let )[0,Cf . Then modulus of continuity of uniformly countinuous functions on )[0,  is 

defined by  
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Remark. For the Kantorovich-Szász type operators *
nL  given by (6), we have, for every 
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approximation than the operators *
nL . 



6  ABDUL WAFI, NADEEM RAO 
 

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 6, 2015, pp. 1-13 

Since  
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

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 Taking 1)(=    nn , we get  

 

}.));(()({1));(())(;(|)();(| 2,
,
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,

1
1

,
, xtKnxtKnfxfxfK xanxanan    

We shall now discuss the Korovkin-type theorem in polynomial weighted space of continuous and 
unbounded functions defined on )[0, . Here we recall some symbols and notions from [11]. Let 

21=)( xx  ,  << x  and )(),(|)(:|)({=)[0, xxMxfxfB f    is weight 

function, fM  is a constant depending on f  and )}[0,x . )[0,C  is the space of 

continuous function in )[0,B  with the norm 
)(

|)(|
sup=||

)[0, x

xf
f

x 


||  and  
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)(

)(
lim:{=
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k
x

xf
CfC

x

k




  where k  is a constant depending on }f . 

Theorem 3.3. Let 
kCf  . Then, the operators );(,

, xfK an


 converges uniformly to )(xf  on 
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Proof. By the Korovkin Theorem, it is sufficient to verify that  
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

 

It is obvious that 0=|1)(1;|lim
,

, 
 || 
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|
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3
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1
1
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1
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2
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a
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
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

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1
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)
1

1
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a
x 





 

 

which shows that 0||);(|| ,
,  
 xxtK an . as n , 

Hence, the theorem is proved. 
 
4. Direct Estimate 
Ditzian-Totik Modulus of smoothness [12] is defined as:  

 ,|)(|sup=);( 2
)(

<0

2 || xff xh
h





 


 

 |,))(()(2))((|supsup=
)[0,<0

xhxfxfxhxf
hxh




 


 

where xx =)(2 . And, Peetre’s K-functional [12] is given by  

 .,),||||(inf=),( )[0,
22

)[0,
2

locCC
g

ACggggffK   |||| 
 (14) 

The K-functional is equivalent to the modulus of smoothness, i.e.,  

  ).,(),(),( 2221  
fCKffKC   (15) 

First result based on Ditziaz-Totik modulus of smoothness was given by Ditzian [13] for the 
Bernstein polynomials as:  

  ).)(,(|)();(| 12

1
2 


 
 xnfCxfxfBn  

Now, we prove the similar result for the operator 
 ,

,anK .  

Theorem 4.1. For  <),0(0, pLf p , and 1>a , we have  

 nlargeforxnfCxfxfK an ))()(,(|)();(| 12

1
2,

,




  
  

where 10   , xx =)(2 . 

Proof. Using (12),(13), we have  

  ),)()(,(|| 12

1
2

)(0,



 

  xnfAgf
pL||  (16) 
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 Next, we can choose ,,xnn gg   for fixed x  and 1  such that  
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,
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                        .|)();(|||2 ,
,)(0, xgxgKgf nnanpLn  
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From (14), we get  
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,
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1
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, xgxgKxnfAxfxfK nnanan   


   (18) 

Now, the last term can be calculated by using Taylor’s formula  
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,

,
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x
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2
,
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x
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k
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x

n

k
an 


  


 


 

   );)((
)(

1
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x
g anpLn  







 ||  

  
x

xxtKn

n

x
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g an

pLn
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1
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,

2)(0,
2 


 




 


 ||  

   .
);)(()(

)(

)(
||

2,
,

2

1

)(0,
2

x

xxtKn
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g an

pLn









 


 ||  

For sufficiently large value of n , we get  

   ).
1

1
(1

);)(()( 2,
,





ax

xxtKn an


 

Therefore  

     .)()(,()
1

1
(1|));()((| 12

1
2,

,




  



 xnfB

a
xxgtgK nnan  (19) 

Using (16) and (17), we get  

  ))()(,(|));()((| 12

1
2,

,



  



 xnfMxxftfK an  

where ))
1

1
(1,(2= B

a
AmaxM


 . 

Let )[0,BC  denote the space of real valued continuous and bounded functions f  on )[0,  

endowed with the norm  
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   .|)(|sup=||
<0

xff
x 

||  

Then, for any 0> , Peeter’s K-functional is defined as  

  )},[0,:||||{=),( 2
2  BCgggfinffK ||||   

where )}[0,,:)[0,{=)[0,2  BBB CggCgC . By Devore and Lorentz [[14], p.177, 

Theorem 2.4], there exits an absolute constant 0>C  such that  

   ),;();( 22  fCfK   

where );(2  f  is the second order modulus of continuity is defined as  

  .|)()(2)2(|supsup=),(
)[0,<0

2 xfhxfhxff
xh


 

  

Theorem 4.2. Let )[0,2  BCf . Then for all )[0,x  there exists a constant 0>K  such 

that  

  );())(;(|)();(| ,
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  ananan fxfKxfxfK   
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, xKx xanan   and .));(();(=)( 2,

,
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,
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Proof. First, we define the auxiliary operators  
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,

,
,

,
, xfxfxfKxfK ananan

   (20) 

 We find that  
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, xtK xan 

 

 

   .||3|);(| ,
, || fxfK an   (21) 

Let )[0,2  BCg . By the Taylor’s theorem 
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t

x

   (22) 

Now  
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,
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Therefore  

 .|)()(||);)()((||)();(ˆ| ,
,

,
,

,
,

, dvvgvxdvvgvtKxgxgK an
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x

t

x
ann  


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Since  
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and  
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,

,
,
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x



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 (24) 

Then from (22), (23)and (24) implies that  
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,
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,

,
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   ||)(= ,
, || gxan    (25) 

Next, we have  
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,
,

,
,

,
,
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 Using (25), we have  
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,

,
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,

,
,
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 By the definition of Peetre’s K-functional  

 ).;())(;(|)();(| ,
,

,
2

,
,

  annan fxfCxfxfK   

Here, we discuss a local result in Lipschitz class  
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
 

where M  is a constant and 1<0   to prove the following theorem: 
 

Theorem 4.3 Let )(* MLipf   and )(0,x . Then, we have  
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,
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Thus, the assertion hold for 1= . Now, we will prove for (0,1) . From the Holder 

inequality with 
 1

1
=,

1
= qp , we have  
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 Abstract: Let )(zP  be a polynomial of degree n  and for a complex number  , let  

 )()()(=)( zPzznPzPD    

denote the polar derivative of the polynomial )(zP  with respect to  . In this paper, we shall establish some pL
-inequalities for the polar derivative of a polynomial with restricted zeros. Our result not only generalize some known 
polynomial inequalities but also a variety of interesting results can be deduced from these by a fairly uniform procedure.  
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1. Introduction 
Let )(zP  be a polynomial of degree n  and )(zP  be its derivative. Then according to the 

well-known Bernstein’s inequality [5] on the derivative of a polynomial, we have  
  .|)(|max|)(|max

1|=|1|=|
zPnzP

zz
  (1.1) 

Equality holds in (1.1) if and only if )(zP  has all its zeros at the origin. 

For the class of polynomials )(zP  having all zeros in 1|| z , Turán [14] proved that  

  .|)(|max
2

|)(|max
1|=|1|=|

zP
n

zP
zz

  (1.2) 

Inequality (1.2) was refined by Aziz and Dawood [1] and they proved under the same hypothesis 
that  

  |}.)(|min|)(|max{
2

|)(|max
1|=|1|=|1|=|

zPzP
n

zP
zzz

  (1.3) 

Both the inequalities (1.2) and (1.3) are best possible and become equality for polynomials 

 nzzP =)(  where ||=||  .  As an extension of (1.2), it was shown by Malik [13] that 

if )(zP  has all its zeros in 1,||  kkz , then  

  |,)(|max
1

|)(|max
1|=|1|=|

zP
k

n
zP

zz 
  (1.4) 

where as the corresponding extension of (1.3) and a refinement of (1.4) was given by Govil [10], 
who under the same hypothesis proved that  
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  .|)(|min
1

|)(|max
1

|)(|max
|=|

1
1|=|1|=| 






 




 zP
k

zP
k

n
zP

kz
n

zz
 (1.5) 

In the literature, there already exist some refinements and generalizations of all the above 
inequalities, for example see Aziz and Shah [4], Dewan et al. [6], [8], Govil et al. [11] etc. 

By considering the class of polynomials nzazazP n
n

n
n

n  
 




,1=)(
=

, of degree n  

having all zeros in 1,||  kkz , Aziz and Shah [4] (see also Dewan et al. [8]) proved  

  .|)(|min
1

|)(|max
1

|)(|max
|=|1|=|1|=| 






 




 zP
k

zP
k

n
zP

kz
n

zz
  (1.6) 

For 1= , inequality (1.6) reduces to inequality (1.5). 

Let )(zPD  denotes the polar derivative of the polynomial )(zP  of degree n  with respect to 

the point  . Then  

  ).()()(=)( zPzznPzPD    

The polynomial )(zPD  is of degree at most 1n  and it generalizes the ordinary derivative in 

the sense that  

  ).(=
)(

lim zP
zPD 








 



 

Aziz and Rather [3] extended (1.4) to the polar derivative of a polynomial and proved that if all the 
zeros of )(zP  lie in 1,||  kkz , then for every complex number   with k|| ,  

  .|)(|max)
1

||
(|)(|max

1|=|1|=|
zP

k

k
nzPD

zz 





  (1.7) 

for the class of polynomials nzazazP n
n

n
n

n  
 




,1=)(
=

, of degree n  having all 

zeros in 1,||  kkz , Dewan et al. [7]) proved that if   is real or complex number with 

 s|| , then  

  |,)(|max)
1

||
(|)(|max

1|=|1|=|
zP

k

s
nzPD

zz









  (1.8) 

 where  

  .
||||

||||
=

1

12









 











nn

nn

akan

kakan
s  (1.9) 

In the same paper Dewan et al. [7] proved for the same class of polynomials that if   is real or 

complex number with  k|| , then  
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)(1
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1

||
(|)(|max

1|=|1|=|
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











   
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)(1

(|)(|max)
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

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  (1.10) 

 where |)(|min= |=| zPm kz  and  

  .
||)|(|

||)|(|
=

1

12

























nnn

nnn

ak
k
m

an

kak
k
m

an
A  (1.11) 

As a generalization of inequality (1.4), Dewan et al. [9] obtained an pL  inequality for the polar 
derivative of a polynomial and proved the following: 
Theorem 1. If )(zP  is a polynomial of degree n  having all its zeros in kz || , where 1k
, then for every real or complex number   with k||  and for each 0>r ,  

 .|)(|max}|1|{}|)(|){|(|
1|=|

12

0

12

0

zPdkedePkn
z

rrirri    





 (1.12) 

In the limiting case, when r , the above inequality is sharp and equality holds for the 

polynomial nkzzP )(=)(   with k|| . 

The main aim of this paper is to provide an pL -analogue of inequality (1.10) and to present a proof 
of it which is independent of Laguerre’s theorem. Firstly, we shall prove the following 
generalization of inequality (1.8) 
Theorem 2. If )(zP  is a polynomial of degree n  having all its zeros in kz || , where 1k
, then for every real or complex number   with  s||  and for each 0>r , 1>p , 1>q  

with 1=11   qp , we have  

 

,}|)(|{}|1|{}|)(|){|(|
12

0

12

0

12

0

qrqriprprirri dePDdekdePsn  










   (1.13) 

where s  is defined by the formula (1.9). 

Remark 1. If we let r  and q  (so that 1p ) in (1.13), we get inequality (1.8). If 

we divide both sides of (1.13) by ||  and let || , we get a result of Dewan et al. [[8], 

Theorem 1.3]. 
Next we shall prove the following more general result that as a special case provides a proof of 
inequality (1.10) which is independent of Laguerre’s theorem. 

Theorem 3. If nzazazP n
n

n
n

n  
 




,1=)(
=

, is a polynomial of degree n  having all 
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its zeros in kz || , where 1k , then for every real or complex number   ,  with 

1|<| ,||  k  and for each 0>r , 1>p , 1>q  with 1=11   qp , we have  

  rr
n

in
i d

k

em
ePAn

12

0

}|)(|){|(| 





    

 ,}|)(|{}|1|{
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0

12

0
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n
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iprpri d
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ePDdek 
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






 

   (1.14) 

where |)(|min= |=| zPm kz  and A  is defined by the formula (1.11). 

Remark 2.  If we let r  and q  (so that 1p ) in (1.14), we get  

  |)(|max
1

1|=|
n

n

z k

mnz
zPD
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  
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


  (1.15) 

Let 0z  be on 1|=| z , such that |)(|max|=)(| 1|=|0 zPzP z , then from (1.15), we get  
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mnz
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Since the polynomial 
n

n

k

zm
zP


)(  has all zeros in 1 ,|<| kkz  where 1|<|  , therefore 

by Guass-Lucas theorem, the polynomial 
n

n

k

zmn
zP

1

)(


 
 also has all its zeros in 

1 ,|<| kkz  and hence  

  .||  ,
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|)(|
1

kzfor
k

zmn
zP

n

n




 (1.17) 

Because if (1.17) is not true, then there is a point 0= zz  with kz || 0  such that  

  .
||

|<)(|
1

0
0 n

n

k

zmn
zP



  

If we take 
1

0

0 )(
= 


n

n

mnz

zPk , so that 1|<|  , then with this choice of  , we have  
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where kz || 0 , which contradicts the fact that all the zeros of 
n

n

k

zmn
zP

1

)(


 
 lie in 

1 ,|<| kkz . 

Also for 1|=| z ,  

   |)()()(|=|)(| zPzznPzPD    

   |)()(||)(||| zPzznPzP    

   .|)(||)(||=| zQzP   

Combining this inequality with Lemma 1, we get for 1|=| z  and  k|| ,  

  .|)(|)|(||)(| 


  
nk

mn
zPkzPD  (1.18) 

Inequality (1.18) in conjuction with (1.17) gives for 1|=| z  and  k|| ,  
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zPD


   (1.19) 

If in (1.15), we choose the arguement of   such that  
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which easily follows from (1.19), we obtain  
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Since 0z  lie on 1|=| z  and |)(|max|=)(| 1|=|0 zPzP z , inequality (1.20) is equivalent to  
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 (1.21) 
Now, if in (1.21) we make 1||  , we get  
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which is equivalent to (1.10) and this proves the required claim. 
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2. Lemmas 
We need the following lemmas to prove the theorems. 

Lemma 1.  If nzazazP n
n

n
n

n  
 




,1=)(
=

, is a polynomial of degree n  having all 

its zeros in 1,||  kkz , and )
1

(=)(
z

PzzQ n , then on 1|=| z  

   |,)(||)(| zPkzQ    (2.1) 

where here and throughout this paper )
1

(=)(
z

PzzQ n . 

The above lemma is due to Aziz and Shah [2]. 

Lemma 2. If nzazazP n
n

n
n

n  
 




,1=)(
=

, is a polynomial of degree n  having all 

its zeros in 1,||  kkz , then on 1|=| z  

   |,)(||)(| zPszQ    (2.2) 

and  

   ,|| 
k

a

a

n n

n 
 

where s  is defined by (1.9). 

The above lemma is due to Aziz and Rather [2]. 

Lemma 3. If nzazazP n
n

n
n

n  
 




,1=)(
=
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 where |)(|min= |=| zPm kz . 

 Lemma 4. If 
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
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=)( , is a polynomial of degree n  having all its zeros in 
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1
||   and in particular  
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   where |)(|min= |=| zPm kz . 
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Lemma 5. If nzazazP n
n

n
n

n  
 




,1=)(
=

, is a polynomial of degree n  having all 

its zeros in 1,||  kkz ,then  

 ,
 kA   (2.5) 

where A  is defined by (1.11). 

Lemma 6. The function  
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
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n

n
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xs  

where 1k  and 1 , is a non-increasing function of x . 

The above Lemmas 3, 4, 5 and 6 are due to Dewan et.al.[7]. 
 
3. Proofs of theorems 

Proof of Theorem 2. Let )
1

(=)(
z

PzzQ n , then )
1

(=)(
z

QzzP n  and it can be easily verified 

that for 1|=| z ,  

   |)()(|=|)(| zPzznPzQ   (3.1) 

and  
   .|)()(|=|)(| zQzznQzP   (3.2) 

Since )(zP  has all its zeros in kz || , therefore, by using Lemma 1 and (3.2), we have for 

1|=| z ,  

   .|)()(||)(| zQzznQkzQ    (3.3) 

Now for every real or complex number   with  s|| , we have  

   |)()()(|=|)(| zPzznPzPD    

   |,)()(||)(||| zPzznPzP    

which on using (3.1) and Lemma 2 gives for 1|=| z ,  

   |)(||)(||||)(| zQzPzPD    

   .|)(|)|(| zPs    (3.4) 

Since )(zP  has all its zeros in kz || , 1k , it follows by Guass-Lucas theorem that all the 

zeros of )(zP  also lie in kz || , 1k . This implies that the polynomial  

   )()(=)
1

(1 zQzznQ
z

Pzn   

 has all its zeros in 1
1

|| 
k

z . Therefore, it follows from (3.3) that the function  
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))()((

)(
=)(

zQzznQk

zQz
zW




  

is analytic for 1|| z  and 1|)(| zW  for 1|| z . Furthermore, 0=(0)W  and so the 

function )(1 zWk   is subordinate to the function zk 1  for 1|| z . Hence by a 

well-known property of sub-ordination [12], we have for each 0>r ,  

   .|1||)(1|
2

0

2

0

 





dekdeWk riri    (3.5) 

Now  

   
)()(

)(
=)(1

zQzznQ

znQ
zWk


   

which gives with the help of (3.2) that for 1|=| z  

   .|)(||)(1|=|)(| zPzWkzQn    (3.6) 

Since |)(|=|)(| zQzP  for 1|=| z , therefore from (3.6), we get  

   1.|=|  ,
|)(1|

|)(|
|=)(| zfor

zWk

zPn
zP 

  (3.7) 

From (3.4) and (3.7), we deduce that for each 0>r ,  

  .|)(||)(1||)(|)|(|
2

0

2

0

 








 dePDeWkdePsn riririrr    

This gives with the help of Holder’s inequality for 1> 1,> qp  with 1=11   qp , that  

 .}|)(|{}|1|{|)(|)|(|
12

0

12

0

2

0

qqrippririrr dePDdekdePsn  










    

The above inequality in conjunction with (3.5) gives  
 

.}|)(|{}|1|{}|)(|){|(|
12

0

12

0

12

0

qrqriprprirri dePDdekdePsn  










  

 
This completes the proof of Theorem 2. 
Proof of Theorem 3. By hypothesis, the polynomial  

   nzazazP n
n

n
n

n  
 




,1=)(
=

 

has all its zeros in kz || , 1k . If )(zP  has a zero on kz |=| , then 0=m  and the result 

follows from Theorem 2 in this case. Henceforth, we suppose that all the zeros of )(zP  lie in 

kz |<| , 1k  so that 0>m . 
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Now |)(| zPm   for kz |=| , therefore, if   is any real or complex number with 1|<|  , 

then  

   .|=|  |)(|<|| kzforzP
k

zm
n

n
 

Since all the zeros of )(zP  lie in kz |<| , it follows by Rouche’s theorem that all the zeros of 

n

n

k

zm
zP


)(  also lie in kz |<| , 1k . Hence we can apply Theorem 2 to 

n

n

k

zm
zP


)(  

and obtain for 
 sk || , 0>r  and 1> 1,> qp  with 1=11   qp ,  

   rr
n

in
i d

k

em
ePsn

12

0

}|)(|){|(| 





    

  ,}|)(|{}|1|{
12

0

12

0

qrqr
n

in
iprpri d

k

em
ePDdek 











   (3.8) 

where  

   .
||||

||||
=

1

12


























nnn

nnn

ak
k
m

an

kak
k
m

an
s  (3.9) 

Since for every   with 1|<|  , we have  

   
nnnnnn k

m
a

k

m
a

k

m
a  ||

||
||||


 (3.10) 

and 
nn k

m
a |>|  by Lemma 4. Now combining (3.9), (3.10) and Lemma 6 for every   with 

1|<|  , we get  

   

||||

||||
=

1

12


























nnn

nnn

ak
k
m

an

kak
k
m

an
s  

   

||)|(|

||)|(|

1

12
























nnn

nnn

ak
k
m

an

kak
k
m

an
 

   .= A  (3.11) 

Since by Lemma 5, we have 
 kA  , it follows from (3.8) and (3.11) that for every   
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with  k|| , 0>r  and 1>p , 1>q  with 1=11   qp , that  

   rr
n

in
i d

k

em
ePAn

12

0

}|)(|){|(| 





    

  ,}|)(|{}|1|{
11)(2

0

12

0

qrqr
n

ni
iprpri d

k

mne
ePDdek 









 

   

which is inequality (3.14) and this completes the proof of Theorem 3. 
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1.  Introduction 
Multiresolution approximations of )(2 RL  are the most natural frame work in the study of wavelet 

expansions [4]. let ZmmV }{  to denote a multiresolution analysis of )(2 RL  generated by a 

scaling function   which is band-limited [3] and   to denote an orthogonal wavelet generated 

by  , which gives rise to orthonormal basis )(  }{ 2
,, RofLZnmnm  , where  

  . ,  ),(22=)( 2
, Znmnxx m

m

nm   

Let  

  }. | {= , ZnspanW nmm   

and, 

  }, | {= , ZnspanV nmm   

where, 

  , ,  ),(22=)( 2
, Znmnxx m

m

nm   

  .=...== 111 kmkmmm WWVV    

Thus  

  .=)(=)(2
mZmkmkm WWVRL    

The translates of )(x  are the orthonormal basis of 0V  while the translates of )(x  are an 

orthogonal basis of 0W  [2]. The same  holds  for  their  dilations   in .  jj WandV  

Therefore, each )(2 RLf   has two following representations  
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  )= ,,,,, nknk
Znmk

nmnm
Zn

baf  



 

(1.11 ) 

  

   ,= ,, nknk
ZnZk

bf 
  

(1.12)  

where the convergence is taken in the sense of )(2 RL . The first term in (1.11) is said to be the 

partial sum of the wavelet expansions which is the projection of f  onto the subspace mV  in the 
2L  norm. The partial sum mf  of the wavelet expansion has two corresponding forms  

  >,,<=>,<= ,,, nm
Zn

nmnmm
Zn

m fff  
  

(1.13)  

  ,>,<=>,<= ,,
1

,,
1

nknk
Znmk

nknkk
Znmk

m fff  
  

(1.14)  

where the convergence is taken in the sense of )(2 RL . 

In [11], Walter studied the convergence of mf  to f  when f  is continuous and the scale 

function satisfies 

  ,,
|)|(1

|)(|
1

Rx
x

C
x 


   

where 0>, C  are constants. He established the pointwise and uniform convergence. Xiehua 

[11] gave the approximation degree of mf  to f . Further, the convergence of wavelet expansions 

of periodic functions is discussed in [1, 9] and the approximation degree of mf  to f  was 

obtained. In [8,7], Gibbs phenomena for wavelet expansions was established. On the other hand, 

Mallat [4] gave a result which shows a relation between degree of convergence in 2L  - norm and 

the Sobolev space ).(RH s   

In the present paper, we have established the convergence of wavelet expansions to inverse Fourier 
transform and to zero when the scaling function is band-limited. Moreover, we established the 

estimate rate of the convergence in Sobolev space, ).(RH s  

 
2.  Preliminaries 
In the present section, we list some definitions  

Let )(2 RLf   define the Fourier transform of f  as  

 dxexff xi 



 )(=)(ˆ  

The compact support of f̂  is defined as 0}.)(ˆ|{=ˆ  fclosfsupp  If support of f̂  is 

bounded, then f  is called band-limited function. If )(ˆ 1 RLf  , we define the inverse Fourier 

transform of f̂  as  
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  .)(ˆ
2

1
=)(ˆ 1 


 defxf xi





  

Let )(RH s  denote the Sobolev space of order s [5], which is given by  

  )}.()(1|)(ˆ:|)({=)( 2222 RLfRLfRH
s

s    

For )(RHf s , we define the norm 

  .})(1|)(ˆ|{= 22

2
 dff ss 





 

 
3.  Main Results 

Theorem 3.1. Let supp 0}>,2||:{=ˆ aaxaxI  . If )(2 RLf   and )(ˆ 1 RLf    

then 

(i) 1ˆ)(  fxfm  uniformly on  R  as  m  . 

(ii) 0)( xfm  uniformly on  R  as  m  .  

Proof. Before we prove the theorem, we first state and prove the following lemma  

Lemma 3.2. Assume Supp 0}>,2||:{=ˆ aaxaxI  . If )(2 RLf   and ,)(ˆ 1 RLf   

then 

 12,,...,= ,2 ,=)(2)(2ˆ 2 




  mmkIeenx kxinkik

Zn

k    

Proof of lemma 3.2. Let  nkik

Zn

k
k enxxH 





  2)(2)(2ˆ=),( , 

Since for given ox  and integer k, there exists a continuous function )()( 21 RLRLg   such 

that [6]  

  wegIexHg koxi

ok .   0=)(ˆ   ;2,),(=)(ˆ     

Also we have  

  


dxHgxg k

Ik
k ),()(ˆ

2

1
=)(

2

  

As g is continuous, we have 

 


 degxg xi

Ik

)(ˆ
2

1
=)(

2

  

Here  kasxgxgk  ),()( .Therefore 

  ,)(ˆ=),()(ˆ
22

  degdxHg xi

Ik
k

Ik
  



 Convergence Rate Estimate of Wavelet Expansions in Sobolev Space  27 

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 6, 2015, pp. 24-31 

which is equivalent to  

  0.=]),()[(ˆ
2

  dexHg xi
k

Ik

  

Choose oxx = , we get  

  0=]),(][),([
2

 
dexHexH oxi

ok
oxi

ok

Ik

  

implies, 

  0=|),(| 2

2

 
dexH oxi

ok

Ik

  

implies, 

  0=|),(| 2oxi

ok exH
   

implies, 

  IexH koxi
ok 2      ,=),(   

 

Since ox  is arbitrary. This completes the proof of the lemma. 

Proof of Theorem 3.1. For )(2 RLf  , we have 

  )(>)(,<=)( ,,

1

=

xxfxf nknk
Zn

m

k
m 







 

                )()()(
2

1
= ,,

1

=

xdtttf nknk
Zn

m

k


 








 

  )(2)(2ˆ)(ˆ)(
2

1
= 2

1

=

nxdeftf knkik

Zn

m

k











 


  

  )(2)(2ˆ)(ˆ)(
2

1
= 2

2

1

=

nxdeftf knkik

IkZn

m

k









 


  

  .)(2)(2ˆ)(ˆ)(
2

1
= 2

2

1

=




 denxftf nkik

Zn

k

Ik

m

k










  

By using lemma (3.2), the above statement can be written as, 

  


 defxf xi

k

m

k
m )(ˆ

2

1
=)(

2

1

=






 

  .)(ˆ
2

1
=

2

2




 def xi
am

am




 

Now we have 
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  |)(ˆ
2

1
)(ˆ

2

1
|=|)(ˆ)(|

2

2

1 





 defdefxfxf xixi
am

am
m 





   

  .|)(ˆ
2

1
=|

2||








def xi

am



 

Letting m , so conclusion (i) is established. 
Also, 

  |)(ˆ
2

1
|=|)(|

2||








defxf xi

am
m 



 

implies,  

  .|)(ˆ|
2

1
|)(|

2||








defxf xi

am
m 



  

Letting m , so conclusion (ii) holds good. 
Thus the proof of theorem is completed. 
Now the next theorem provides the estimate rate of the above established convergence in Sobolev 
space. 

Theorem 3.3. Let the scaling function   be continuous, supp ],[=ˆ aaI   and 

1|=)(ˆ|   a.e on ],[ aa . If )(2 RLf   and ),(ˆ 1 RLf   then 

(i) )(ˆ)( 1 xfxfm
  uniformly on R as m  . Further, if )(RHf s  and 

2

1
>s , 

then 

  ;2

12

||||
|ˆ)(|

)
2

1
(

2

1
21 








sm

s

s

m

as

f
fxf


 

(ii) 0)( xfm  uniformly on R as m  . Further, if )(RHf s  and 
2

1
<s , then 

  .2

21

||||
|)(|

)
2

1
(

2

1
2







sm

s

s

m

as

f
xf


 

Proof. By given hypothesis,   is continuous, so each nm,  is continuous. Therefore, we have 

  


  dex xi
nmnm )(ˆ

2

1
=)( ,, 





 

  






de
e xi

m

m
n

i

mnm

am

am 2

2

,

2

2 2

)
2

(ˆ
2

1
= 





  
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  .(3.31)
2

)
2

(ˆ
2

1
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1

2

,

2

2
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Therefore, from equations (3.31), (3.32) and the Bessel equality of Fourier series [12], we get 
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On the otherhand, we have  

  .)(ˆ
2

1
|0)(|

2||






dfxf
am

m 


  

Letting m , we get 0)( xfm  uniformly on R. 

 When )(RHf s  and 
2

1
>s , we have  

 ).(|=)(ˆ||)(ˆ|
2

1
|)(ˆ)(| 21

2

2

1 sayIIdefdefxfxf xi
am

xi

am
m  






 


  

For 1I , we have from cauchy inequality that  

  








d
f

dfI s

s

amam 22

22

22

1

)(1

)(1|)(ˆ|

2

1
=|)(ˆ|

2

1




 



 

  2

1

2

2

2 )
)(1

1
(

2

|||| 


d
f

s

am

s


 



 

  2

1

2

2

2 )
1

(
2

|||| 


d
f

s

am

s




  

  .

122

2||||
=

2

1

)
2

1
(

2






s

sms

as

f


 

Similarly, 

  .

122

2||||

2

1

)
2

1
(

2
2








s

sms

as

f
I


 

Thus we have ,  

  
2

1

)
2

1
(

21

12

2||||
|ˆ)(|










s

sms

m

as

f
fxf


 



 Convergence Rate Estimate of Wavelet Expansions in Sobolev Space  31 

JMI INTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vol. 6, 2015, pp. 24-31 

When )(RHf s  and 
2

1
>s , By using Cauchy inequality we have 
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This completes the proof of the theorem. 
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1.  Introduction 
Ricci flow is an excellent mathematical model introduced by R. S. Hamilon [7] in simplifying the 
structure of the manifolds. It is defined for Riemannain manifolds of any dimension. It is a process 
which deforms the metric of a Riemannian manifold analogous to the diffusion of heat there by 
smoothing out the regularity in the metric. It is given by 

ሻݐሺ݃ߜ
ݐߜ

ൌ െ2ܴ݅ܿ൫݃ሺݐሻ൯, 

where ݃ is Riemannian metric dependent on time ݐ and ܴ݅ܿሺ݃ሻ is Ricci tensor. 
Let ߶௧: ܯ ื ,ܯ ݐ א ܴ be a family of diffeomorphisms and ሺ߶௧: ݐ א ܴሻ is a one parameter family 
of abelian group called flow. It generates a vector field ܺ௉ given by 

                                          ܺ௉݂ ൌ
ௗ௙ሺథ೟ሺ௉ሻሻ

ௗ௧
, ݂ א  .ሻܯሺ∞ܥ

If ܻ is a vector field then ܮ௑ܻ ൌ ݈݅݉௧ื଴
థ೟

௒ି௒כ

௧
 is known as Lie derivative of ܻ with respect to ܺ. 

Ricci solitons move under the Ricci flow under ߶௧: ܯ ื  of the initial metric i.e., they are ܯ
stationary points of the Ricci flow in space of metrics. If ݃଴ is a metric on the codomain then 
݃ሺݐሻ ൌ ߶௧

 ଴ is the pullback of ݃଴, is a metric on the domain. Hence if ݃଴is a solution of the Ricci݃כ
flow on the codomain subject to condition ܮ௏݃଴ ൅ 2ܴ݅ܿ݃଴ ൅ ଴݃ߣ2 ൌ 0 on the codomain then 
݃ሺݐሻ is the solution of the Ricci flow on the domain subject to the condition ܮ௏݃ ൅ 2ܴ݅ܿ݃ ൅
݃ߣ2 ൌ 0  on the domain by [12] under suitable conditions. Here ݃଴and ݃ሺݐሻ are metrics which 
satisfy Ricci flow. 
Thus the equation in general 
௏݃ܮ                                           ൅ 2ܴ݅ܿ݃ ൅ ݃ߣ2 ൌ 0, (1.1)   
is called Ricci soliton, where ܵ is Ricci tensor of ܮ ,ܯ௏ denotes the Lie derivative operator along 
the vector field ܸ and ߣ a real scalar. It is said to be expanding, shrinking and steady according as 
ߣ ൐ ߣ ,0  ൏  0 and ߣ ൌ  0 respectively. 
Thus Ricci solitons are generalizations of Einstein manifolds and they are also called as quasi 
Einstein manifolds by theoretical physicists. 
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Eisenhart [6] proved that if a positive definite Riemannian manifold ሺܯ, ݃ሻ admits a second order 
parallel symmetric covariant tensor other than a constant multiple of the metric tensor then it is 
reducible. In 1925, Levy [10] obtained the necessary and sufficient conditions for the existence of 
such tensors. Since then, many others investigated the Eisenhart problem of finding symmetric and 
skew-symmetric parallel tensors on various spaces and obtained fruitful results. For instance, by 
giving a global approach based on the Ricci identity. Sharma [11] investigated Eisenhart problem 
on non-flat real and complex space forms, in 1989. 
Using Eisenhart problem the authors Calin and Crasmareanu [3], Bagewadi and Ingalahalli [9, 1], 
Debnath and Bhattacharyya [5], have studied the existence of Ricci solitons in ݂ -Kenmotsu 
manifolds, ߙ-Sasakian, Lorentzian ߙ- Sasakian, Trans-Sasakian and ሺܵܥܮሻ௡ manifolds. 
In this paper we study Ricci solitons of K ሷܽhler manifolds using Eisenhart problem. We use the 
following results 
Theorem 1.1. [11] A symmetric parallel second order covariant tensor ݄ in a non-flat real space 
form of dimension ݊ ൐  2 is a scalar multiple of the metric tensor i.e., 

  ݄ሺܺ, ܹሻ ൌ
௧௥ሺுሻ

௡
݃ሺܺ, ܹሻ ሺ1 . 2ሻ 

where ܺ, ܹ are vector fields and ܪ is associated ሺ1, 1ሻ tensor field. 
Theorem 1.2. [11] A  parallel second order covariant tensor ݄ in a non flat complex space form 
is a linear combination (with constant coefficients) of the underlying K ሷܽ hlerian metric and 
K ሷܽhlerian 2-form i.e., 

    ݄ሺܺ, ܹሻ ൌ
ଵ

௡
ሾሺݎݐ. ,ሻ݃ሺܺܪ ܹሻ ൅ .ݎݐ ሺܬܪሻߗሺܺ, ܹሻ] ሺ1 . 3ሻ 

where ܺ, ܹ are vector fields, ܬ is complex structure tensor of type ሺ1, 1ሻ, is a K ߗ ሷܽ hlerian 
2-form and ܪ is a associated ሺ1, 1ሻ tensor field. 
 
2. Preliminaries 
A K ሷܽhler manifold is an n(even)-dimensional manifold, with a complex structure J and a positive 
definite metric ݃ which satisfies the following conditions; 
ଶሺܺሻܬ     ൌ  െܺ, ݃ሺܺܬ, ሻ ܻܬ  ൌ  ݃ሺܺ, ܻ ሻ and  ሺ׏௑ܬሻܻ ൌ  0, ሺ2 . 1ሻ 
where ׏ means covariant derivative according to the Levi-Civita connection. 
The formulae [2] 
                     ܴሺܺ, ܻሻ  ൌ  ܴሺܺܬ, .  ሻ   ሺ2 ܻܬ 2ሻ 
   
  ܵሺܺ, ܻ ሻ  ൌ  ܵሺܺܬ, . ሻ ሺ2 ܻܬ 3ሻ 
   ܵሺܺ, ሻ ܻܬ  ൅  ܵሺܺܬ, ܻ ሻ  ൌ  0, ሺ2 . 4ሻ 
are well known for a K ሷܽhler manifold. 
Definition 2.1. A Riemannian manifold with constant sectional curvature ܿ is called a real space 
form, and its curvature tensor satisfies the equation 
  ܴሺܺ, ܻ ሻܼ ൌ  ܿሼ݃ሺܻ, ܼሻܺ െ  ݃ሺܺ, ܼሻܻ ሽ. (2.5ሻ 
Models for these spaces are the Euclidean spaces (c = 0), the spheres (c > 0) and the hyperbolic 
spaces (c < 0). 
Definition 2.2. A K ሷܽhlerian manifold with constant holomorphic sectional curvature ܿ is said to 
be a complex space form, and its curvature tensor is given by 
ܴሺܺ, ܻ ሻܼ ൌ

௖

ସ
 ሾ݃ሺܻ, ܼሻܺ െ  ݃ሺܺ, ܼሻܻ ൅  ݃ሺܺ, െ ܻܬሻܼܬ  ݃ሺܻ, ൅ ܺܬሻܼܬ  2݃ሺܺ,  ሿ.    ሺ2.6ሻܼܬሻ ܻܬ

i.e., more precisely we can define a complex space form ܯ as follows: ܯ is a K ሷܽhlerian manifold 
of constant holomorphic sectional curvature ܿ, with its complex structure tensor ܬ ׷ ଶܬ   ൌ  െܫ, 
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K ሷܽhlerian metric ݃ ׷  ݃ሺܺܬ, ሻ ܻܬ  ൌ  ݃ሺܺ, ܻ ሻ, K ሷܽhlerian 2-form: Ωሺܺ, ܻ ሻ  ൌ  ݃ሺܺ,  ሻ, and the ܻܬ
K ሷܽhlerian connection ׏ :׏J ൌ 0 . 
The models now are ܥ௡, ܲܥ௡ or ܪܥ௡ , depending on ܿ ൌ  0, ܿ ൐ ൏ ܿ ݎ݋ 0   0. 
 
3. Parallel symmetric second order covariant tensor and Ricci soliton in a non 
flat real space form 
We write the following corollary using Theorem 1.1  
Corollary 3.1.  A locally Ricci symmetric 0)=( S  non flat real space form is an Einstein 

manifold.  
Proof. Take Sh =  in (1.2). If QH =  then rQtr =. . Therefore the equation (1.2) can be written 

as  

 ).,(=),( WXg
n

r
WXS  (3.1) 

Remark 3.2. The following statements for non-flat real space form are equivalent.   
    1.  Einstein  
    2.  locally Ricci symmetric  
    3.  Ricci semi-symmetric  

    4.  Ricci pseudo-symmetric i.e., ),(= SgQLSR S  where SL  is some function 

}:{= Xatg
n

r
cSMxU S   provided .cLS   

Proof.  The statements (3)(2)(1)   and (4)(3)   are trivial. Now, we prove the 

statement (1)(4)   is true. 

Here ),(= SgQLSR S  means  

 ),,;,)(,(=)),(),(( YXVUSgQLVUSYXR S  

 which implies  
)].)(,(),)(([=)),(,(),),(( VYXUSVUYXSLVYXRUSVUYXRS S   (3.2) 

 Using equations (2.5) in (3.2) and simplifying we get  
0=)],(),(),(),(),(),(),(),()[( YUSVXgXUSVYgVYSUXgVXSUYgLc S   (3.3) 

 Putting ieUY ==  where }{ ie  is an orthonormal basis of the tangent space at each point of 

the manifold and taking summation over )(1 nii   we get after simplification that  

 0.=)],(),()[( VXrgVXnSLc S   (3.4) 

 If 0,)(  SLc  then (3.4) reduced to  

 ).,(=),( VXg
n

r
VXS  (3.5) 

Therefore, we conclude the following.  
Lemma 3.3. A Ricci pseudo-symmetric in a non flat real space form is an Einstein manifold if 

.cLS   

Corollary 3.4.  Suppose that in a non flat real space form, the (0,2) type field SgLV 2  is 
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parallel where V  is a given vector field. Then ),( Vg  yield a Ricci soliton. In particular, if the 

given a non flat real space form is Ricci semi-symmetric with gLV  parallel, we have same 

conclusion.  
Proof.  Follows from Theorem 1.1 and corollary 3.1, we have  

 ),()(
2

=),)(2( ZYgrdivV
n

ZYSgLV   

Using equation (3.5) in (1.1), we get  

 0.=),(2),(2),)(( YXgYXg
n

r
YXgLV   (3.6) 

Putting ieYX ==  where }{ ie  is an orthonormal basis of the tangent space at each point of the 

manifold and taking summation over )(1 nii  , we get after simplification that 

 0.=),(2),(2),)(( iiiiiiV eegeeg
n

r
eegL   (3.7) 

This implies  
 0.=nrdivV   (3.8) 

If V  is solenoidal then 0=divV . Therefore the equation (3.8) can be reduced to  

 .=
n

r  (3.9) 

For a non-flat real space form 1)(= ncnr . Hence from (3.9), we can state the following.  

Corollary 3.5.  Let ),,( Vg  be a Ricci soliton in a non flat real space form of dimension

2)>(n . Then V  is solenoidal if and only if it is shrinking i.e., spheres, steady i.e., Euclidean 

space and expanding i.e., hyperbolic spaces.  
 
4.   Parallel symmetric second order covariant tensor and Ricci soliton in a non 
flat complex space form 
We write the following corollary using Theorem 1.2  
Corollary 4. 1.  A locally Ricci symmetric 0)=( S  non-flat complex space form is an 

Einstein manifold.  
Proof. Take Sh =  in (1.3). If QH =  then rQtr =.  and 0=.QJtr  by virtue of (2.4). 

Hence from (1.3) can be write  

 ).,(=),( ZYg
n

r
ZYS  (4.1) 

Remark 4.2.  The following statements for non flat complex space form are equivalent.   
    1.  Einstein  
    2.  Locally Ricci symmetric  
    3.  Ricci semi-symmetric  

    4.  Ricci pseudo-symmetric i.e., ),(= SgQLSR S  where SL  is some function 

}:{= xatg
n

r
cSMxU S   provided .cLS   
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Proof. The statements (3)(2)(1)   and (4)(3)   are trivial. Now, we prove the 

statement (1)(4)   is true. 

Here ),(= SgQLSR S  means  

 ).,;,)(,(=)),(),(( YXVUSgQLVUSYXR S  

Which implies  

)].)(,(),)(([=)),(,(),),(( VYXUSVUYXSLVYXRUSVUYXRS S   (4.2) 

Using equations (2.6) in (4.2) and putting ieUY ==  where }{ ie  is an orthonormal basis of the 

tangent space at each point of the manifold and taking summation over )(1 nii   we get after 

simplification that  

 )].,(),([=)],(),([ VXrgVXnSLVXrgVXnSc S   (4.3) 

The above equation can be written as,  

 0.=)],(),(][[ VXrgVXnScLS   (4.4) 

 If 0, cLS  then (4.4) reduced to  

 ).,(=),( VXg
n

r
VXS  (4.5) 

Therefore, we conclude the following.  
Lemma 4.3.  A Ricci pseudo-symmetric non flat complex space form is an Einstein manifold if 

.cLS   

Corollary 4.4.   Suppose that on a non flat complex space form, the (0,2) type field SgLV 2  is 

parallel where  V  is a given vector field. Then ),( Vg  yield a Ricci soliton if JV  is 

solenoidal. In particular, if the given non flat complex space form is Ricci semi-symmetric with 

gLV  parallel, we have same conclusion.  

Proof.  From Theorem 1.2 and corollary 4.4, we have 
n

r
=  as seen below:  

)],())2.((),()2([
1

=),)(2( ZYJSgLtrZYgSgLtr
n

ZYSgL VVV   

 )],,().2(),()2(),()[2(
1

= ZYSJtrZYdivJVZYgrdivV
n

  (4.6) 

by virtue of (2.4) the above equation becomes  

 )].,()(),()[(
2

=),)(2( ZYdivJVZYgrdivV
n

ZYSgLV   (4.7) 

By definition ),,( Vg  yields Ricci soliton. If 0=divJV  then 0=divV  becouse 

iVJV =  i.e.,  

 ).,(2=),(
2

=),)(2( ZYgZYg
n

r
ZYSgLV   (4.8) 
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Therefore 
n

r
=  

Corollary 4.5.  Let ),,( Vg  be a Ricci soliton in a non flat complex space form of dimension 

2)>(n . Then V  is solenoidal if and only if it is shrinking i.e., nCP , steady i.e., nC  and 

expanding i.e., nCH .  
Proof.  

 0,=),(2),(2),)(( ZYgZYSZYgLV   (4.9) 

 using equation (4.5) in (4.9) we get  

 0,=),(2),(2),)(( ZYgZYg
n

r
ZYgLV   (4.10) 

Putting ieZY ==  where }{ ie  is an orthonormal basis of the tangent space at each point of the 

manifold and taking summation over )(1 nii  , we get  

 0.=),(2),(2),)(( iiiiiiV eegeeg
n

r
eegL   (4.11) 

 The above equation implies  
 0.=nrdivV   (4.12) 

 If V  is solenoidal then 0=divV . Therefore the equation (4.12) can be reduced to  

 .=
n

r  

for a non-flat complex space form 2)(
4

= n
c

r . Hence from the above 2).(
4

= 


n
n

c  

Conclusion. 
From corollaries 3.2 and 4.5 we conclude the following: 
According to corollary 3.2  

 ),()(
2

=),)(2( ZYgrdivV
n

ZYSgLV   

and in this equation the solenoidal condition does not affect for the existence of Ricci soliton in non 
flat real space form, but according to corollary 4.5  

 ),()(),()[(
2

=),)(2( ZYdivJVZYgrdivV
n

ZYSgLV   (4.13) 

 and in this equation solenoidal condition affects for the existence of Ricci soliton in non flat 
complex space form, unless 0.=divJV  
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Abstract: In this paper we consider an HGF structure manifold and show that its submanifolds of codimension ݎ admits a 
generalized Norder ݎ-contact metric structure. Conditions for the integrability of such a structure are studied. A result 
connecting the curvature tensors of the manifold and of its submanifold is established. 
 

1.  Preliminaries 
Let ܯ௡  be an ݊ െdimensional differentiable manifold of differentiability class ܥ∞ . Let there 
exists on ܯ௡ a nonzero tensor field ߶ of the type ሺ1, 1ሻ satisfying 
                                             ߶ ൌ െܽଶ(1.1) ܫ 
where ′ܽ′ is a complex number. Then ሼ߶ሽ is said to give to ܯ௡  a hyperbolic differentiable 
structure, briefly known as HGF-structure and the manifold ܯ௡ is called HGF-manifold. Suppose 
further that ܯ௡ be endowed with a metric tensor G, such that  
,כܺ߶ሺܩ                     ሻכܻ߶ െ ܽଶܩሺܺכ, ሻכܻ ൌ 0 (1.2) 
for arbitrary vector fields ܺכ and ܻכ on ܯ௡ , then ሼ߶, ௡ܯ ሽ is said to give toܩ  a hyperbolic 
metric or hyperbolic Hermite structure [1].  
Let ′߶ሺܺכ, ,ሻ is the tensor field of type ሺ0כܻ 2ሻ given by  
  ′Φሺܺכ, ሻכܻ ൌ ,כܺ߶ሺܩ  ሻ.  (1.3)כܻ
We can prove the following results easily                                     
    ′Φሺ߶ܺכ, ሻכܻ ൌ െ′Φሺܺכ, ሻכܻ߶ ൌ െܽଶܩሺܺכ,  ሻכܻ
  ′Φሺ߶ܺכ, ሻכܻ ൌ ܽଶܩሺܺכ,  ሻ (1.4)כܻ
                                          ′Φሺܺכ, ሻכܻ ൌ ′Φሺܻכ,  ሻכܺ
If ܦ෩ be the Riemannian connection on ܯ௡ then 
כܻכ෩௑ܦ                   െ ܦ෩௒כܺכ ൌ ሾܺכ, ܩכ෩௑ܦ    ,ሿכܻ ൌ 0.  (1.5) 
     Let ෩ܰ be the Nijenhuis tensor formed with ߶; then 
  ෩ܰ(ܺכ, ,כܺ߶ሾ = (כܻ ሿכܻ߶ െ ߶ሾ߶ܺכ, ሿכܻ െ  ߶ሾܺכ, ሿכܻ߶ ൅ ߶ଶሾܺכ,  ሿ.  (1.6)כܻ
     In an HGF-structure manifold the structure tensor ߶ is parallel if 
ሻכథሻሺܻכ෩௑ܦ)            ൌ 0.  (1.7) 
Let ܯ௡ି௥ be a submanifold of codimension r of the HGF-structure manifold ܯ௡. Let there exists a 

tensor field F of type ሺ1, 1ሻ, ܷ contravariant vector fields-∞ܥ ,ݎ
௫

1∞ܥ  ݎ , െforms ݑ
௫

 some finite ,ݎ) ,

integer) on ܯ௡ି௥ satisfying [5] 

ଶܨ     ൌ െܽଶܫ െ ∑ ݑ
௫

ٔ  ܷ
௫

௥
௫ୀଵ .  (1.8) 

Also 

ݑ  
௫

  ഷܨ ൅ ∑ ٚ௫
௬ ݑ

௫௥
௫ୀଵ ൌ ܷ ܨ           ,0

௫
൅ ∑ ٚ௫

௬  ܷ
௬

୰
୷ୀଵ  
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ݑ    
௫

 ( ܷ
௬

) + ∑ ٚ௭
௫ٚ௬

௭௥
௭ୀଵ  ൌ  െܽଶߜ௬

௫ (1.9) 

where ݔ, ,ݕ ൌ ݖ  1, 2, … . . , ,ݎ ௬ߜ
௫ denotes the Kronecker delta and ٚ௫

௬ are scalar fields. [4] 
If the submanifold of ܯ௡ି௥ admits a Riemannian metric ݃ satisfying 

                         ݃ሺܺܨ, ሻܻܨ ൅ ܽଶ݃ሺܺ, ܻሻ ൅ ∑ ݑ
௫

ሺܺሻݑ
௫

ሺܻሻ௥
௫ୀଵ ൌ  0,  (1.10) 

then we say that ܯ௡ି௥ admits a generalized Norder ݎ െcontact metric structure and the manifold 
ݎ ௡ି௥ a generalized Norderܯ െcontact metric structure manifold. 
 
2.  Submanifolds of co-dimension ࢘ 
Theorem 1. The submanifold ܯ௡ି௥ of co-dimension r of an HGF-structure manifold ܯ௡admits a 
generalized Norder ݎ-contact metric structure. 
Proof.  Let ܯ௡ି௥ be the submanifold of co-dimension ݎ of an HGF-structure manifold ܯ௡. If B 
denotes the differential of the immersion  ݅: ܯ௡ି௥ ՜  ௡, a vector field ܺ in the tangent space ofܯ
௡ି௥ܯ  determines a vector field ܺܤ   in that of ܯ௡.  Let  ܰ

௫
ݔ , ൌ 1, 2, … … … ݎ  be  mutually ݎ  

orthogonal fields of unit normal vectors defined on ܯ௡ି௥. Thus we have 

,ܺܤሺܩ    ሻܻܤ ൌ ݃ሺܺ, ܻሻ,       ܩ ቀܺܤ,  ܰ
௫

ቁ ൌ ܩ      ,0 ൬ ܰ
௫

,  ܰ
௬

൰ ൌ ௫ߜ
௬.  (2.1) 

The vector fields ߶ܺܤ and ߶ ܰ 
௫

can be expressed as 

 (a)  ߶ܺܤ ൌ ܺܨܤ െ ∑ ݑ
௫

ሺܺሻ ܰ
௫

௥
௫ୀଵ   (2.2) 

 
 (b)  ߶ ܰ

௫
ൌ െB ܷ

௫
൅ ∑ ٚ௫

௬  ܰ
௬

,௥
௬ୀଵ  

where F is a ሺ1, 1ሻ tensor field, ݑ
௫

, 1 െ forms and ܷ
௫

 vector fields on the submanifold ܯ௡ି௥ 

ሺݔ ൌ 1, 2, . . . . . . . . . . . . . ,  .(ݎ
 Operating by ߶ on both the sides of ሺ2.2ሺܽሻ) and using the equations ሺ1.1ሻ and ሺ2.2ሻ we have 

െܽଶܺܤ ൌ ଶܺܨܤ െ ෍ ݑ
௬

௥

௬ୀଵ

ሺܺܨሻܰ
௬

െ ෍ ݑ
௫

௥

௫ୀଵ

ሺܺሻ ቐെܷܤ
௫

൅ ෍ٚ௫
௬

௥

௬ୀଵ

 ܰ
௬

 ቑ. 

Comparing tangential and normal vectors we get 

ଶܨ      ൌ  െܽଶܫ െ ∑ ݑ
௫௥

௫ୀଵ ۪ܷ
௫

ݑ             ,
௬

  ഷഷܨ ൅ ∑ ٚ௫
௬ ௥

௫ୀଵ ݑ
௫

ൌ 0.  (2.3) 

Operating by ߶ on both the sides of ሺ2.2ሺܾሻ) and using the equations ሺ1.1ሻ and ሺ2.2ሻ we obtain 

െܽଶܰ
௫

ൌ െ ൝ܷܨܤ
௫

െ ෍ ݑ
௭

௥

௭ୀଵ

ቀܷ
௫

ቁ ܰ 
௭

ൡ ൅ ෍ٚ௫
௬

௥

௬ୀଵ

൝െܷܤ
௬

൅ ෍ٚ௬
௭

௥

௭ୀଵ

 ܰ
௭

 ൡ. 

On comparing the tangential and normal vectors we have 

ܷܨ      
௫

൅ ∑ ٚ௫
௬ ௥

௬ୀଵ ܷ
௬

ൌ ݑ ,0
௭

ቀܷ
௫

ቁ ൅ ∑ ٚ௬
௭ ٚ௫

௬௥
௬ୀଵ ൌ  െܽଶ ߜ௫

௭.  (2.4) 

If ݃ is the induced metric on ܯ௡ି௥ , then by virtue of the equations ሺ1.1ሻ, ሺ2.1ሻ  and ሺ2.2ሻ we 
have 

  ݃ሺܺܨ, ሻܻܨ ൅ ܽଶ݃ሺܺ, ܻሻ ൅ ∑ ݑ
௫௥

௫ୀଵ ሺܺሻݑ
௫

ሺܻሻ ൌ  0.  (2.5) 
In view of the equations ሺ2.3ሻ, ሺ2.4ሻ  and ሺ2.5ሻ the theorem follows. 
Theorem 2. A totally geodesic submanifold ܯ௡ି௥  with a generalized Norder r-contact structure 
of a HGF-structure manifold is integrable. 
Proof. Let ܦ෩  is the Riemannian connection on ܯ௡  and ܦ  the induced connection on the 
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submanifold  ܯ௡ି௥ . Then the equations of Gauss and Weingarten can be expressed as 

ܻܤ෩஻௑ܦ    ൌ ௑ܻܦ ܤ ൅ ∑ ࣢
௫

௥
௫ୀଵ ሺܺ, ܻሻܰ

௫
,  (2.6) 

 

෩஻௑ܰܦ  
௫

ൌ െܪ ܤ
௫

ሺܺሻ ൅ ∑ ٚ௫
௬௥

௬ୀଵ ܰ
௬

 (2.7) 

where ܪ
௫

ሺܺ, ܻሻ are the second fundamental forms and 

         ࣢
௫

ሺܺ, ܻሻ ൌ  ݃ ቀܪ
௫

ሺܺሻ, ܻቁ.  (2.8) 

Suppose that in HGF-structure manifold ܯ௡ the structure tensor ܨ is parallel. Hence we have 
ሺܦ෩஻௑߶ሻሺܻܤሻ ൌ 0                 or equivalently               ܦ෩஻௑߶ܻܤ ൌ  .ܻܤ෩஻௑ܦ߶

By virtue of the equations ሺ2.2ሻ, ሺ2.6ሻ  and ሺ2.7ሻ the last equation takes the form 

஻௑ܦ ൝ܻܨܤ െ ෍ ݑ
௫

௥

௫ୀଵ

ሺܻሻܰ
௫

ൡ  ൌ ߶ ൝ܦ ܤ௑ܻ ൅ ෍ ࣢
௫

௥

௫ୀଵ

ሺܺ, ܻሻܰ
௫

ൡ 

or equivalently 

ܻܨ௑ܦ ܤ ൅ ෍ ܪ
௫

௥

௫ୀଵ

ሺܺ, ሻܻܰܨ
௫

െ ෍ ݑ
௫

௥

௫ୀଵ

ሺܻሻ ቐെܪ ܤ
௫

ሺܺሻ ൅ ෍ٚ௫
௬

௥

௬ୀଵ

ܰ
௬

ቑ

ൌ ௑ܻܦܨ ܤ  െ ෍ ݑ
௫

௥

௫ୀଵ

ሺܦ௑ܻሻܰ
௫

൅ ෍ ࣢
௫

௥

௫ୀଵ

ሺܺ, ܻሻ ቐെܷܤ
௫

൅ ෍ٚ௫
௬

௥

௬ୀଵ

ܰ
௬

ቑ . 

Comparing tangential vectors from both the sides we have 

ܻܨ௑ܦ ൅  ෍ ݑ
௫

௥

௫ୀଵ

ሺܻሻܪ
௫

ሺܺሻ ൌ ௑ܻܦܨ െ ෍ ࣢
௫

௥

௫ୀଵ

ሺܺ, ܻሻܷ
௫

 

or equivalently 

  ሺܦ௑ܨሻሺܻሻ ൅  ∑ ቄݑ
௫

ሺܻሻܪ
௫

ሺܺሻ ൅ ࣢
௫

ሺܺ, ܻሻܷ
௫

ቅ௥
௫ୀଵ ൌ 0.  (2.9) 

The Nijenhu is tensor ܰሺܺ, ܻሻ for the submanifold ܯ௡ି௥ can be written as 
  ܰሺܺ, ܻሻ ൌ  ሺܦி௑ܨሻሺܻሻ െ ሺܦி௒ܨሻሺܺሻ ൅ ܨሺܦ௒ܨሻሺܺሻ െ ܨሺܦ௑ܨሻሺܻሻ.  (2.10) 
The submanifold ܯ௡ି௥ be totally geodesic, the necessary and sufficient condition is that 

࣢
௫

ሺܺ, ܻሻ ൌ  0                    ሺݔ ൌ 1, 2, … … … … ,  .ሻݎ
Thus in view of the equations ሺ2.8ሻ and ሺ2.9ሻ it follows that ܦ௑ܨ ൌ 0. Hence in consequence of 
ሺ2.10ሻ we have ܰሺܺ, ܻሻ ൌ 0. Thus we have the proof of the theorem.  
 
3.  Curvature tensors 
Suppose that ܹ, ܺ, ܻ, ܼ are arbitrary vector fields on an open set ܣ in the neighbourhood of a 
point of the submanifold ܯ௡ି௥ . If ′ ෨ܴ  and ′ܴ are the Riemannian Christoffel curvature tensors of 
 ௡ି௥ , respectively, we haveܯ ௡ andܯ

′ ෨ܴሺܹܤ, ,ܺܤ ,ܻܤ ሻܼܤ ൌ  ′ܴሺܹ, ܺ, ܻ, ܼሻ ൅  ∑ ቄ࣢
௫

ሺܺ, ܼሻ࣢
௫

ሺܹ, ܻሻ െ ࣢
௫

ሺܺ, ܻሻ࣢
௫

ሺܹ, ܼሻቅ௥
௫ୀଵ .  (3.1) 

 
If the manifold ܯ௡ admits constant holomorphic sectional curvature ݇, we have  
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′ ෨ܴሺܹܤ, ,ܺܤ ,ܻܤ ሻܼܤ

ൌ  
݇
4

ሾܩሺܹܤ, ,ܺܤሺܩሻܼܤ ሻܻܤ െ ,ܺܤሺܩ ,ܹܤሺܩሻܼܤ ሻܻܤ

൅  ′Φሺܹܤ, ,ܺܤሻ′Φሺܼܤ ሻܻܤ െ  ′Φሺܺܤ, ,ܹܤሻ′Φሺܼܤ ሻܻܤ
൅ 2 ′Φሺܹܤ, ,ܻܤሻ ′Φሺܺܤ  ሻሿܼܤ

   (3.2) 
From equations ሺ1.3ሻ and ሺ2.2ሻ it can be proved that 
  ′Φሺܺܤ, ሻܻܤ ൌ′ ,ሺܺܨ ܻሻ ؝ ݃ሺܺܨ, ܻሻ.  (3.3) 
Hence, in view of equations ሺ2.1ሻ , ሺ3.2ሻ and ሺ3.3ሻ , the equation ሺ3.2ሻ takes the form 
  

 ′ܴሺܹ, ܺ, ܻ, ܼሻ ൌ    
௞

ସ
ሾ݃ሺܹ, ܼሻ݃ሺܺ, ܻሻ െ ݃ሺܺ, ܼሻ݃ሺܹ, ܻሻ൅′ܨሺܹ, ܼሻ′ܨሺܺ, ܻሻ െ

,ሺܺܨ                                                   ܼሻ′ܨሺܹ, ܻሻ ൅ 2 Ԣܨሺܹ, ܺሻ′ܨሺܻ, ܼሻሿ ൅

                                                 ∑ ቄ࣢
௫

ሺܺ, ܻሻ࣢
௫

ሺܹ, ܼሻ െ ࣢
௫

ሺܺ, ܼሻ࣢
௫

ሺܹ, ܻሻቅ௥
௫ୀଵ .  (3.4) 

Thus we have 
Theorem 3. Let ܯ௡  be an HGC-structure manifold of constant holomorphic sectional 
curvature ݇. Then the curvature tensor of the submanifold ܯ௡ି௥  satisfies the equation ሺ3.4ሻ. 
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Abstract: This article deals with the hybrid projective synchronization between two identical incommensurate fractional 
order Lorenz system using active control technique. The chaotic attractors of the system are found for different fractional 
order time derivatives described in Caputo sense. Numerical simulation results which are carried out by using 
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1.   Introduction 
The theory of derivatives of fractional order, i.e., non-integer order, goes back to Leibniz’s note in 
his list to L’Hopital, dated 30 September 1695, in which the meaning of derivative of order one half 
was discussed. Fractional calculus is a 300 year old mathematical topic. Although it has a long 
history, the applications of fractional calculus to physics and engineering are just a recent focus of 
interest [1] and [2]. It was found that many systems in interdisciplinary fields can be elegantly 
described with the help of fractional derivatives. Many systems are known to display 
fractional-order dynamics, such as viscoelastic systems [3], dielectric polarization [4], 
electrode–-electrolyte polarization [5], electromagnetic waves [6], and quantum evolution of 
complex systems [7]. In recent years, chaotic phenomenon have been found in many 
fractional-order nonlinear systems, such as the fractional-order Lorenz chaotic system [8],[9], 
Chua’s fractional-order chaotic circuit system [9], the fractional-order modified Duffing chaotic 
system [10], the fractional-order Rossler chaotic system [11],[12], the fractional-order Chen 
chaotic system [9]-[11], the fractional-order memristor chaotic system [13], and so on.  
In 1999, projective synchronization was first proposed by Mainieri and Rehacek [14], where the 
drive and response systems were synchronized up to a scaling factor. Its proportional feature can be 
used to extend binary digital to M-nary digital communication for achieving fast communication 
[15]. Both complete synchronization and anti-phase synchronization are special cases of projective 
synchronization. Recently, various kinds of projective synchronization for fractional order chaotic 
systems without time-delay have been studied, such as hybrid projective synchronization [16], 
generalized projective synchronization [17], function projective synchronization [18], lag 
projective synchronization [19] and modified projective synchronization [20] 
The study of hybrid projective synchronization between two identical incommensurate fractional 
order chaotic systems has invoked the interest in the authors to investigate the time required for 
hybrid projective synchronization between fractional order chaotic systems.Active control method, 
proposed by Bai and Lonngren [21] is simple and easy to implement in practical applications of 
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synchronization of coupling of a pair of systems and has received huge attention during last few 
years [22, 23, 24]. Hybrid projective synchronization between identical and non-identical chaotic 
systems using active control method in both standard order and fractional-order systems are already 
been studied [25, 26, 27]. Keeping in view, the challenges for detecting transformation of 
dynamical variables between the identical or non-identical systems during synchronization 
tremendous applications of fractional calculus in various areas of science and engineering and 
effectiveness of the active control method, the authors are motivated to make an attempt to do a 
coupling of identical incommensurate fractional-order chaotic systems to receive different types of 
information from the systems due to its memory effect and greater degrees of flexibilities. 
In this article, we have studied the hybrid projective synchronization between identical 
incommensurate fractional-order chaotic systems using active control method. Using the 
Adams–Boshforth–Moulton method [28, 29], computer simulations are carried out for different 
order fractional time derivatives and are displayed graphically to demonstrate the efficiency of the 
proposed approach. The authors think that the article will be a useful contribution to the scientific 
literature on the methods of control for nonlinear dynamical systems. 
 
2.   The Review and The Approximation of A Fractional Operator 

The differintegral operator, denoted by q
ta D , is a combined differentiation-integration operator 

commonly used in fractional calculus. This operator is a notation for taking both the fractional 
derivative and the fractional integral in a single expression and is defined by:  
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There are some definitions for fractional derivatives[1]. The commonly used definitions are 
Grunwald-Letnikov, Riemann-Liouville, and Caputo definitions. The Grunwald-Letnikov 
definition is given by:  
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The Riemann–-Liouville definition is the simplest and easiest definition to use. This definition is 
given by:  
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where n  is the first integer which is not less than q , i.e., nqn <1  and   is the Gamma 

function defined as:  

     dtetz tz 


 1

0

=  (4) 

For functions )(tf  having n  continuous derivatives for 0t  where nqn <1 , the 

Grunwald–Letnikov and the Riemann–Liouville definitions are equivalent. The Laplace transforms 
of the Riemann–Liouville fractional integral and derivative are given as follows:  

   0.:)(=)}({0 qsFStfDL qq
t  (5) 
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Unfortunately, the Riemann-Liouville fractional order derivative appears unsuitable to be treated 
by the Laplace transform technique in that it requires the knowledge of the non-integer order 
derivatives of the function at 0=t . This difficulty does not arise in the Caputo definition that is 
sometimes referred as smooth fractional derivative in literature. This definition of derivative is 
defined as  
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where m  is the first integer larger than q . It is found that the equations with Riemann–Liouville 

operators are equivalent to those with Caputo operators by homogeneous initial conditions 
assumption [1]. 
 
3.   Stability of Fractional Order Systems 
Stability of fractional order systems has been thoroughly investigated where necessary and 
sufficient conditions have been derived in [30]. The stability region of a linear set of fractional 
order equations, each of order q , such that 2<<1 q  is shown in figure 1. An autonomous 

system is asymptotically stable iff 
2

>||
 q

arg  is satisfied for all eigenvalues   of matrix A

Also this system is stable iff 
2

||
 q

arg   is satisfied for all eigenvalues of a matrix A  and 

those critical eigenvalues which satisfy 
2

>||
 q

arg , and have geometric multiplicity one [30].  
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Figure 1 : Stability of fractional order systems such that 1<<0 q  

 
4.   System Description 
The fractional order incommensurate Lorenz system is described as  
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 (8) 

where 21,  and 3  are the fractional orders and for the parameter values 

28=8/3,=10,= cba  the system yields a chaotic attractor. The chaotic attractors for different 

values of 0.99=0.98,= 21   and 1=3  are displayed in Figs. 2(a-d) 

 
Figure  2: (a)3-Dimensional chaotic attractor of system (8) for 0.99=0.98,= 21   and 

1=3  (b) 2-Dimensional chaotic attractor of system (8) with 0.99=0.98,= 21   and 

1=3  
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Definition. The fractional order chaotic drive and response systems can be described as follows:  

   1,2,3=  );(=
)(

ixf
dt

xd
i

i





 (9) 

 and  

   ),()(=
)(

yxyg
dt

yd i





  (10) 

 where mn yx RR  ,  are state vectors of the drive system (9), and the response system (10) 

and nn RRgf :,  are continuous vector functions, respectively, ),( yx  is a vector 

controller to be designed. 
For the drive system (9) and the response system (10), the Hybrid Projective Synchronization 
(HPS) is achieved if there exist an nn  invertible matrix A  such that  

   0=||=|)(|lim |||| xAyte
t




 

where ||||   is an Euclidean norm. 

Remark. If R ;= IA , the hybrid projective synchronization problem will reduce to 

Projective Synchronization(PS) where I  is an nn  matrix with proper dimensions.In 

particular if 1=  and 1=   the problem is further simplified to complete synchronization 

and anti-Phase synchronization,respectively. If ),...,,(= 21 naaadiagA  where naaa ,...,, 21  

are not all zeros and ji aa   for some i  and j , then the Modified Projective Synchronization 

will appear. Therefore Complete synchronization, anti-synchronization, projective 
synchronization, and modified projective synchronization are the special cases of Hybrid 
Projective Synchronization. 
 
5.   Hybrid projective synchronization between incommensurate fractional order 
Lorenz system 
In this section, the incommensurate fractional order Lorenz system is considered as the drive 
system  
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 and also the analogous response system as  
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where Ttutututu )](),(),([=)( 321  is the controller to be designed. To investigate the the hybrid 

projective synchronization of the system (11) and (12), we define the error states as  

).()(=)(  ),(2)(=)(  ),(2)(=)( 333222111 txtytetxtytetxtyte   

The corresponding error dynamics is obtained by using (11) and (12) as  
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Choosing the control functions as  
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 By using the (14) into (13), we find that  
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where )(),(),( 321 tvtvtv  are the linear control inputs chosen such that the system (15) becomes 

stable.  
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Next consider  
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 where M  is a 33  matrix. In order to make the closed loop stable the matrix M  is chosen in 

such a way that the eigenvalues i  of the matrix M  of the feedback system satisfy 

1,2,3.=,
2

|>)(| iarg i

  

Consider the following matrix  
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Then the error dynamics becomes  

   )(=)( yeteD ii
i   (17) 

 Here all the eigenvalues of the the matrix M  are 1 , which satisfy 

1,2,3=,
2

|>)(| iarg i

 1<<0  . Therefor the error system converges to zero as t  

and therefore hybrid projective synchronization between the systems (11) and (12) is achieved.  
 
5.1.  Numerical simulations and results 
During the simulation to demonstrate the hybrid projective synchronization behaviour between two 
identical incommensurate fractional order Lorenz chaotic system, the parameter values are 
considered as 28,=8/3,=10,= cba  the time step size is taken as 0.005. The initial valves 

of the state variables ))0(,)0(,)0(( 321 xxx  and ))0(,)0(,)0(( 321 yyy  are taken as 

0.5),0.4,(0.3  and 0.7),0.4,(0.1  respectively, so that the initial errors are 1.2),0.4,(0.7  . 

Also we chose the scaling matrix 1)2,2,.(= diaga . Figure 3(a-d) respectively displays that 

the state vectors are synchronized in a hybrid projective synchronizing manner for the fractional- 

order derivatives 1=0.99,=0.98,= 321   
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Figure 3 : (a)Response for states )(1 tx  and )(1 ty  (b) Response for states )(2 tx  and )(2 ty  

(c) Response for states )(3 tx  and )(3 ty  (d) Synchronization errors 321 &, eee  between the 

system (11) and (12) 
 
6. Conclusion 
In this paper, the hybrid projective synchronization between identical commensurate fractional 
order system using active control using active control method based on fractional order stability 
theory have been investigated. Hybrid projective synchronization (HPS) is a more general 
definition of projective synchronization, in which the drive system and response system could be 
synchronized up to a vector function factor. Hybrid projective synchronization is different from the 
projective synchronization and more beneficial to enhance security of communication than any 
other synchronization because it is obvious that the unpredictability of the vector function factor in 
hybrid projective synchronization is more than that of the same scaling factor in PS. The numerical 
simulations exhibit the validity and feasibility of the proposed scheme.Numerical and 
computational result are in excellent agreement. 
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Abstract: The object of present paper is to investigate the condition under which n-dimensional Finslerspace reduces to a 
pV-symmetric Finsler space. We have obtained that certain special Finsler spaces becomes PV-symmetric Finsler space 
under usual conditions. Some basic properties of aforesaid symmetric Finsler space have been discussed. 

 
1. Introduction 
Let Fn be an n-dimensional Finsler space with a fundamental function L(x,y), ሺݕ௜ ൌ ሶݔ ௜ሻ. From 
L(x,y), the following well known tensors are obtained :  

  ݈௜ ൌ
డ௅

డ௬೔ , ݄௜௝ ൌ ܮ ቀ
డ௟೔

డ௬೔ቁ. (1.1) 

These are called respectively the normalized supporting element and the angular metric tensor. 
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The fundamental tensor gij is also written as gij = hij + lilj, Pijk is called the V(hv) torsion tensor and 
satisfies Pijky

k = 0. 

The V-covariant derivative
Tj

i
k of Finsler tensor field of (1,1) type is defined by 
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Definition 1.1. A Finsler space Fn, is called Ch-recurrent, if the (h) hv-torsion tensor ܥ௝௞
௜  satisfies 

the equation [2] 

  
C K C C K Cjk h

i
h jk

i
ijk h h ijk , ,

  (1.4) 
where |h denotes the h-covariant differentiation, Kh = Kh(x,y) is a co-variant vector field. 
The equation (1.4) is denoted by the relations 
 (a) Cijk|0 = K0Cijk  (1.5) 
 (b)  Pijk = K0Cijk 
 (c)  Pi = K0Ci = Ci|0 
 (d)  P = K0C = C|0 . 
Definition 1.2. A Finsler space Fn, (n>2) is called a P-reducible, if the V(hv) torsion tensor Pijk is of 
the form [1] 

  
P

n
Ph P h P hijk i jk j ki k ij


 

1

1
c h

. (1.6) 
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Definition 1.3. A Finsler space Fn, (n>2) is called a C-reducible, if the h(hv)-torsion tensor Cijk is of 
the following form [3] 

  
C

n
C h C h C hijk i jk j ki k ij


 

1

1
c h

 (1.7) 
We shall use the following lemma [6]. 
Lemma. There exists a scalar  in a C-reducible Finsler space such that  

  
LC C l C l hi j i j j i ij   

 
This equation satisfies in the following form 

  
LP Pl P l hi j i j j i ij   |0  (1.8) 

We list up miscellaneous formulas [5], which have been used in the chapter. 

 (a) ሶ߲
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௅
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డ௬೔  (1.9)
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 (e) ሶ߲
௞ ௝݄
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௜ ൅ ௝݄௞݈௜൯      and 

 (f) ሶ߲
௞݄௜௝ ൌ ௜௝௞ܥ2 െ ൫݄௜௞ ௝݈ ൅ ௝݄௞݈௜൯/ܮ 

Here, we shall list up the h-covariant and V-covariant derivatives of some fundamental tensors for 
latter use (6). 

 (a) 
Li  0

  

  
L li i

   

 (b) 
yi

j  0
,              

  
yi

j j
i 
 

 (c) 
li j  0

,  

  
l

L
hi j ij

1

,  (1.10) 

 (d) 
hij k  0

,  

  
h

L
h l h lij k ik j jk i  

1 c h
 

 (e) 
gij k  0

,  

  
gk

ij
|  0

,  
gij k  0

, 
gij

k  0
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 (f) 
li

j  0
,  

  
l

L
l li

j j
i i

j 
1

d i
 

The V-curvature tensor Shijk is given by 
  Shijk = Chkrܥ௜௝

௥ ൅ ௛௞௥ܥ ௜ܲ௝
௥ െ ௜௞ܥ௛௝௥ܥ

௥ . (1.11) 
This equation can be written as the using (1.5), we have 
  ܵ௛௜௝௞|଴ ൌ ଴ܵ௛௜௝௞ܭ ൌ ௛ܲ௞௥ܥ௜௝

௥ ൅ ௛௞௥ܥ ௜ܲ௝
௥ െ ௛ܲ௝௥ܥ௜௞

௥ െ ௛௝௥ܥ ௜ܲ௞
௥ . (1.12) 

The Ricci-identity involving the v-covariant derivative is given by [6] 

  
T T T S T S T Sjk

i
l m jk

i
m l jk

a
alm
i

ak
i

jlm
a

ja
i

klm
a   

 (1.13) 
2. PV-Symmetric Finsler Space 

 
Definition 2.1. A Finsler space Fn which satisfies the equation. 

  
P Pijk l m ijk m l  0

, (2.1) 

is defined as PV-symmetric Finsler space. Since 
Pijk l is completely symmetric, therefore Pijk l m is 

also completely symmetric for PV-symmetric Finsler space. 

Contracting (2.1) gij and using the fact that 
gij k  0

, then (2.1) becomes 

  
P Pk l m k m l  0.

 (2.2) 
In view of the identity (1.13), the condition (2.1) reduces to : 
  ௔ܲ௝௞ ௜ܵ௟௠

௔ ൅ ௜ܲ௔௞ ௝ܵ௟௠
௔ ൅ ௜ܲ௝௔ܵ௞௟௠

௔ ൌ 0. (2.3) 
Applying Ricci identity (1.13) to (2.2) also, we have 
  ௔ܲ௞

௔ |௟|௠ െ ௔ܲ௞
௔ |௠|௟ ൌ െ ௔ܲܵ௞௟௠

௔ ൌ 0. (2.4) 
 
In a two-dimensional Finsler space F2, the v-curvature tensor ௝ܵ௞௟

௜  vanishes identically. Hence (2.3) 
holds good for a two-dimensional Finsler space F2. For a P2-like Finsler spaces, 

  ௜ܲ௝௞ ൌ
௉೔௉ೕ௉ೖ

௉మ    ݂݅    ܲ ് 0. (2.5) 

The v-curvature tensor ௝ܵ௞௟
௜  of P2-like finsler space is zero, can be seen by putting Pijk and Cijk from 

(2.5) in (1.12). Hence for a P2-like Finsler space (2.3) satisfies. Therefore, we have 
 
Theorem 2.1. Two dimensional and P2-like Finsler space are PV-symmetric. 
 
3.    PV-Symmetric Properties of a P-reducible Finsler space 
We shall return to consider a P-reducible Finsler space. Then from (1.8), we get 

  ௜ܲ|௝ ൌ
ఈ|బ௛೔ೕ

௅
െ

௉೔௟ೕ

௅
െ

௉ೕ௟೔

௅
 (3.1) 

Taking V-covariant derivative of above with respect to yk and using (1.10a), (1.10c), (1.10d) and 
(3.1), we get 

  
P

h h

L

h L

Li j k
k ij ij k ij k




  | | |0 0 0

2
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
 L

N
MM

O
Q
PP

L P l Pl Pl L

L

i k j i j k i j ke j
2

 


 L

N
MM

O
Q
PP

L P l P l P l L

L
j k i j i k j i kc h

2

 

  
P

h

L L
h l h l h li j k

k ij
ij k jk i ki j   


|

|
0

2 0

1
2 2c h

  
   

                        
    

1 2
2 2L

Ph Ph
L

Pl l P l l P l li jk j ki i j k j k i k i jc h c h
 (3.2) 

From (3.2), we get 

  

P P
h h

L L
h l h li j k i j k

k ij j ik

ik j ij k 
F

HG
I
KJ
 

  | | |0 0 0
2 c h

 

  
 

1
2L

P h P hj ik k ijc h
 (3.3) 

For PV-symmetric Finsler space, equation (3.3) reduces  
଴|௞݄௜௝|ߙ൫ܮ െ ଴|௝݄௜௞൯|ߙ െ ଴൫݄௜௞|ߙ ௝݈ െ ݄௜௝݈௞൯ െ ൫ ௝݄ܲ௜௞ െ ௞݄ܲ௜௝൯ ൌ 0 

Contracting above result by gij, we obtain 
ሺ݊ൣܮ െ 1ሻߙ|଴|௞ െ ௞ߜ଴|௝൫|ߙ

௝ െ ݈௝݈௞൯൧ െ ௞ߜ଴ൣ൫|ߙ
௝ െ ݈௝݈௞൯ ௝݈ െ ሺ݊ െ 1ሻ݈௞൧ 

െൣ ௝ܲ൫ߜ௞
௝ െ ݈௝݈௞൯ െ ሺ݊ െ 1ሻ ௞ܲ൧ ൌ 0. 

Or ൣܮሺ݊ െ 2ሻߙ|଴|௞ ൅ ଴|௝݈௝݈௞൧|ߙ ൅ ሺ݊ െ 1ሻߙ|଴݈௞ ൅ ሺ݊ െ 2ሻ ௞ܲ ൌ 0 

Or ሺ݊ െ 2ሻߙܮ|଴|௞ ൅
డఈ|బ

డ௬ೕ ௝݈௞ݕ ൅ ሺ݊ െ 1ሻߙ|଴݈௞ ൅ ሺ݊ െ 2ሻ ௞ܲ ൌ 0 

Because  
డఈ|బ

డ௬ೕ ௝ݕ ൌ െߙ|଴, as ߙ is a homogeneous of degree –1, therefore, we have 

ሺ݊ െ 2ሻߙܮ|଴|௞ ൅ ሺ݊ െ 2ሻߙ|଴݈௞ ൅ ሺ݊ െ 2ሻ ௞ܲ ൌ 0 
Or 
  ሺ݊ െ 2ሻൣߙܮ|଴|௞ ൅ ଴݈௞|ߙ ൅ ௞ܲ൧ ൌ 0, (3.4) 
For n>2, (3.4) reduces to  
଴|௞|ߙܮ   ൅ ଴݈௞|ߙ ൅ ௞ܲ ൌ 0 (3.5) 
Proposition 3.1. If a P-reducible Finsler space is PV-symmetric, then the scalar α, given by (1.8) 
satisfies (3.5).  
Let us work out the condition under which a P-reducible Finsler space is also PV-symmetric. Putting 
the values Pijk and Cijk from (1.6) and (1.7) in (1.12), then the condition (2.4) reduces to  

௥ܲ ௜ܵ௟௠|଴
௥ ൌ ௥ܲሾ ௟ܲ௔

௥ ௜௠ܥ
௔ ൅ ௟௔ܥ

௥
௜ܲ௠
௔ െ ௠ܲ௔

௥ ௜௟ܥ
௔ െ ௠௔ܥ

௥
௜ܲ௟
௔ሿ ൌ 0 

(3.6) ௥ܲ ௜ܵ௟௠|଴
௥ ൌ

ଵ

ሺ௡ାଵሻమ ௥ܲൣ൫݄௟
௥

௔ܲ ൅ ݄௔
௥

௟ܲ ൅ ݄௟௔ܲ௥൯ሺ݄௜
௔ܥ௠ ൅ ݄௠

௔ ௜ܥ ൅ ݄௜௠ܥ௔ሻ 

+ሺ݄௟
௥ܥ௔ ൅ ݄௔

௥ ௟ܥ ൅ ݄௟௔ܥ௥ሻሺ݄௜
௔

௠ܲ ൅ ݄௠
௔

௜ܲ ൅ ݄௜௠ܲ௔ሻ 
–൫݄௠

௥
௔ܲ ൅ ݄௔

௥
௠ܲ ൅ ݄௠௔ܲ௥൯ሺ݄௜

௔ܥ௟ ൅ ݄௟
௔ܥ௜ ൅ ݄௜௟ܥ௔ሻ 
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–൫݄௠
௥ ௔ܥ ൅ ݄௔

௥ ௠ܥ ൅ ݄௠௔ܥ௥൯ሺ݄௜
௔

௟ܲ ൅ ݄௟
௔

௜ܲ ൅ ݄௜௟ܲ௔ሻ൧ ൌ 0 
Or 

௥ܲ ௜ܵ௟௠
௥ |଴ ൌ

2ܲଶ

ሺ݊ ൅ 1ሻଶ
ሾ ௟ܲ ௜ܲ௠ െ ݄௜௟ ௠ܲሿ ൌ 0 

Or 
  ௟݄ܲ௜௠ െ ݄௜௟ ௠ܲ ൌ 0  ݂݅  ܲଶ ് 0 (3.7) 
Contracting (3.7) by gim, we have 
  ሺ݊ െ 2ሻ ௟ܲ െ ሺߜ௟

௠ െ ݈௠݈௟ሻ ௠ܲ ൌ 0 
  ሺ݊ െ 2ሻ ௟ܲ െ ௟ܲ ൌ 0 
  ሺ݊ െ 2ሻ ௟ܲ ൌ 0 (3.8) 
for n > 2, (3.8) reduces to 
  ௟ܲ ൌ 0 (3.9) 
It is obvious from (1.6) that if Pi = 0 for a P-reducible Finsler space, then Pijk=0 immediately, so that 
the space is concluded to be Riemannian. 
Thus, the theorem 
Theorem 3.1. If P-reducible Finsler space is PV-symmetric, then it will be a Riemannian space. 
Therefore α vanishes. 
 
REFERENCES 
[1] Kawaguchi, H., On a concept of P-reducibility in Finsler spaces, C. Math.Soc.J.B. 56 Diff. Geo., Eger (Hungary) 

1989. 

[2] Masumoto, M. On h-isotropic and Ch recurrent Finsler spaces, J.Math. Kyoto Univ. (JMKYAZ) 11-1,1-9(1971) 

[3] Masumoto, M., On c-reducible Finslerspaces : Tensor (N.S.), 24, 29-37 (1972). 

[4] Masumoto, M., J. Math. Kyoto Univ. 14, 477-98, (1974) 

[5] Masumoto, M., Tensor, N.S. 34(1980) 

[6] Masumoto, M., Foundation of Finsler geometry and special, Finslerspace :Kaiseisha press, Sawkawa, otsu, Japan, 
(1986). 

[7] Rund, H., The Differential Geometry of Finsler spaces : Springer, Verlag Berlin, (1959). 

 




	Vol-6-Cover
	Ist page of Vol-6
	Ist Editorial -Vol-6
	Contents-Vol 6
	Some results concerning to polar derivative of polynomials 14
	6.  Hybrid Projective Synchronization of incommensurate fractional order chaotic systems 43
	7. On Special Pv-Symmetric Finsler Spaces  53


	Vol-6 paper 1
	Vol-6 paper 2
	Vol-6 paper 3
	Vol-6 paper 4
	Vol-6 paper 5
	Vol-6 paper 6
	Vol-6 paper 7
	Vol-6 back

