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Abstract: In this Letter, we consider original Nash theory of gravity. In terms of the scalar fields
representation, Nash gravity is equivalent to the action of bi-scalar tensor gravity with four derivative
terms of metric tensor. We then quantify the ghost in the theory. In order to study the gravitational
wave modes of the theory, we perform a small perturbation over a fixed Minkowski background. We
discover the standard wave equation and obtain the solutions as those of the standard general relativity.
In order to satisfy the GR in the weak field limit, we further modify the original Nash theory by adding
the Einstein-Hibert term called modified Nash gravity. In this theory, we once study the gravitational
wave modes. We derive equations of motion and examine the solutions. We discover the two-mode
solutions: the massless graviton and the massive one. Using a uniform prior probability on the graviton
mass, we can constrain mass parameter.

Keywords: 04.30, 04.30. Nk, 04.50.+h, 98.70.Vc gravitational waves; alternative theories of gravity;
cosmology

1. Introduction

The recent detection of gravitational waves (GWSs) from mergers of primordial black holes
(BHs) or neutron stars (NSs) announced by LIGO/VIRGO [1, 2, 3, 4, 5] has pinned the new
era of gravitational wave cosmology. This is a new window to probe the strong gravity
physics. However, these individual two-body sources are just one of the many signatures in
nature we have already detected. The GWs could be produced by other physical
circumstances, for instance, during inflation [6] and reheating [7] or another exotic post-
inflationary physics such as phase transitions [14, 13] or topological defects [15]. We hope
that these distinct backgrounds could be detected by present and future experiments.

As mentioned in Ref. [7], a significant fraction of energy in the form of a stochastic
background of gravitational waves can be produced during reheating stage. During the
process, the amplitude of gravity waves exponentially grows due to the tachyonic preheating.
Then a burst of gravitational radiation occurs followed by the end of gravitational waves
production. In addition, cosmic defects are products of a phase transition in the early
universe. The sources of GW can be of different natures, not only from quantum vacuum
fluctuations in the early universe but also from astronomical sources, e.g. black hole binaries,
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On gravitational wave modes ... 2

supernovae, and pulsars. These different sources have their own GW characteristics. In the
present work, we consider original Nash theory of gravity and examine possible gravitational
wave modes of the theory.

Nash gravity and Scalar fields reduction

We start our study by considering the action of Nash gravity in four-dimensional spacetime,
where the metric is a Riemanninan metric g,,. Here the action consists of higher order
corrected gravity and we adapted a notation as g,, = (—1,1,1,1), R, = R, and all Greek
indices are spacetime indices running from 0 to 3. The original Nash action takes the form

8
1
Swasn =3 | 43 =g@RwRY ~ B?) "

In the above action, we have used natural units with ¢ = 1 and set the gravitational coupling
constant k%2 =8nG/c* =1 . Notice that cosmology of Nash gravity was recently
investigated by Refs.[9, 10, 11, 12]. Here the authors of Ref.[9] employed the Noether
symmetry technique to quantify exact solutions. Recently, the matter field contents were
added to the original theory [10].

We rewrite the action of theory, Eq.(1), using a pair of auxiliary fields ¢4, ¢, inthe
following form

1
5 =5 [ @ /mGERWR R + R = )+ BRWR™ =62

Here Lagrange multipliers F;,i = 1,2 can be quantified by varying the total action with
respectto R and R,, R* as variational variables. Employing this technique, we obtain
S oS

Fi=—=—=2R, F,=
1 R , 2

IR, R™) @3)

Interestingly, substituting the above expressions in Eq. (??) we obtain:

1
S = E_f d*x\[~g(R* = 2R$1 + 2¢7)). (4)

2.
What we observe regarding this reduced form of the Nash action is that the matrix az g;) =
1 2

0 is degenerate. As a result, Nash gravity is equivalent to the action of bi-scalar-tensor
gravity with four derivative terms of metric tensor. It is illustrative to present another reduced
form of Nash gravity using Gauss-Bonnet invariance:
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)
Sg“"f J—9d*x[Repuy R¥P*Y — 4R, R*Y + R?]
) 3S
_ — 4 afuv _ Nash
B &wf Vo CapnC Sg’ (5)
where Cqp,y is the Weyl tensor. A possible alternative form for the action is given as
follows:

1
5= f J=9d*x[262 = 67 + F1(R = $) + 5 FaCapins C + B (R R = $20)), (g

where again we can fix F; by varying the total action with respectto R and R,, R*’. Then
the action can be reduced as:

S = f J—9d*x[4$, — ¢1(p1 + 2R) + 2R?* — 2R, R™]. @

Looking for ghosts

In order to investigate untamed ghosts, we limit our investigations to excitations around a
vacuum state where there is a potential for an exact solution to the field equations with
constant Ricci scalar R = R,. It is adequate to define a reduced Ricci tensor S, via the

following transformation:

1
SMV = RMV - ZRg#V. (8)

If we denote the Nash Lagrangian by L = 2R,,,,R*’ — R?, we can expand the Nash gravity
action Eq. (1) around this vacuum in Taylor series form:
9°L

1
— _ 4 2 _ p2 - 2
s_f,/ gd x[L0+R R§ + 5571057, o

In the above equation, S is trace of the reduced Ricci tensor and subscript 0 means to
evaluate the expression at this special vacuum solution. It is easy to show that the total action
will reduce to an Einstein-Hilbert action with a cosmological constant (first and second terms
in action) plus a Ricci squared term, a higher order Weyl squared term and a Gauss-Bonnet
term. We can write the final form for (9) in the following compact form

R? c?

S=f,/—gd4x[R—2A+W——

5 |-
where m3 is a massive spin 0 field while m2 corresponds to a massive spin 2, and has a
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On gravitational wave modes ... 4

wrong sign of kinetic term and thus has negative energy. As a result, we need to treat it as a
possible Weyl ghost field.

Unstable vacuum in higher order corrected action
Introducing an auxiliary field ¢ in action Eq. (10), we obtain:

3 ¢ ¢2 CZ
- f J-gd'x [(1 + 3mg> R emz ™ 2mg]' (11)

Changing the conformal transformation from g, to g,, = (1 + 3%)9;“/ and finally using
0

another scalar field ¢ = In(1 + 3:12) we find another alternative form for action (11) in
0

Einstein frame:
~2

3 C
j\/_d4 R——(W’)z——mo(l—e (p)z—z—mz] 12

The model possesses an instability in vacuum as demonstrated in a general model of
modified gravity theories [16].

Graviton propagation

In the absence of matter field Lagrangian, we can derive the equation of motion (EoM) of
gravitational sector. This can be done by varying the action given in Eq.(1) with respect to
the metric g,,, in the metric formalism to obtain

1
—2RGyy = ng(ZR,wR‘“’ +R?) - 2(g,y O =V, V,)R — 4RZR,,
— 29,0 VoVpRY — 2 O R,y + 4V, VgRE, 8L (13)

Notice that we observe a fourth order EoM for metric components and second order for Ricci
tensors. Here O= g% V. Vp is the usual d’ Alembert operator. For simplicity, we have used

symmetrized tensor representation where T(aB)=%(TaB+TBa) . This denotes

symmetrisation with respect to the pair of the indices (a, 8). In this work we attempt to
investigate gravitational wave modes in the Nash theory of gravity. Here we are going to
derive the EoM for scalar R. Taking the trace of Eq.(13), we obtain

1
= _ g%B

Note that Eq.(14) is a Klein-Gordon equation for the scalar field &:

JMIINTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vor.10,2019
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no=2
T do (15)

Here we have defined ® = R and dV/d® = RHSof (14).

Linearization around Minkowski M,

In order to examine GW modes of the model, we need to perturb the above field equation
over a fixed Minkowski background 7, = dia(—, +, +, +). Here we expand the metric and
scalar field in the following form:

Juw =N + huv ’

O = Dy + 5. (16)
A first order perturbation on the Ricci scalar can be denoted by 6® = §R. Furthermore, the
perturbation on the Riemann and Ricci tensors take the following form:

1

OR,, = 3 (aaavhg + 050,hy — 9,0,h —O hm,),
0R = 9,0,h*” —O h,
where h =nt"h,,. From Eq.(14), we obtain the Klein-Gordon equation for the scalar

perturbation §&® as follows:
08P = RySD = mZpinoP . (17)

Note that Ry = R(17,,,) = 0. We then perturb the field equations (13) to obtain

1

3 (i © —0,0,)5R — 214y 00,6R™ — 2 0 (6Ry,) + 20,,0,6RE, 87 = 0. (18)
Commonly, it is more convenient to work in the Fourier space. In this case we just replace
dyhy,, — ik, h,, and O h,, - —kzhm,. Then the above equation becomes

1
3 (1k? = kyko)OR + 20, kgkp SR + 2k26R,, — 4kakyORES) = 0. (19

In the case of the metric perturbation, we write

_ h
huv = huv - Enuv + nuvhf: (20)

where hy denotes h — h. Our gauge freedom takes the usual conditions auﬁi“’ =0 and
h = 0. The first of these conditions implies that kuﬁ’“’ = 0 while the second dictates

JMIINTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vor.10,2019
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h;w = Euv + nuvhf' (21)

With these perturbations, we find [17]:

1 , -
SRy = 5 (2hylhy + k¥ hy + k2R ),

SR = 3k2hy,
1 _
kakgOR(h,) = — 5 ("0 = K2k )by + k¥R ),
3
b _
kakyORE, 8% = > kP ldeyhy 23)

Substituting (20)-(23) into (19) and performing some algebraic simplification, we obtain
k*h,, = (Muk? — k,k,)6R, (24)

where we have used R, = 0. The above relation implies
k*h,, =0, (25)

where we have defined mgpm , = 0. Note that from Eq.(25) we have a modified dispersion

relation which corresponds to a massless spin-2 field (k? = 0) and a massless spin-2 ghost
mode k2 = 0 . The solution to Eq.(25) can be parametrized by plane waves:

hyy = Ay (D) - exp(ik®x,) + c.c., (26)

where
k* = (wmspinz'ﬁ)' wmspinz =D (27)

Here mgy;n, is zero in the case of massless spin-2 mode and the polarization tensors is
defined as A, (p). Notice that we obtain the standard wave equation (25) and solutions
(26) in general relativity.

Modified Nash gravity with Einstein-Hilbert term

The original Nash theory doesn’t recover GR results in the weak limit. Actually, it will be
very useful as a GR complementary part at UV regime and consequently very good as a
potentially candidate for quantum gravity. Regarding the recent observations of GW, we are
investigating a soft modification of the Nash action by adding an IR completeness term R to
the action as following:

JMIINTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vor.10,2019
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Davood Momeni et al. 7

1
SEH-Nash = Ef d4x\/ —g(aR + 2R, R*Y — R?). (28)

The action is an Einstein-Hilbert corrected Nash gravity. Note that for sake or dimensionally
correctness of the action we introduced a coefficient @ with dimension [a] = [R] = L2 =
( Gev)2. Itis very straightforward to derive EoM in the metric formalism,

1
(a - ZR)G;W = Eguv(ZRuvR#v + Rz) - Z(qu OR— VuvvR) - 4R24/Ryv
—29uyVyVoRY® —2 0 Ry, + 4V, VoR] R, (29)

Trace of the above field equation gives

1
O ¢ = §(CZR - 4‘RMVR”V + RZ), (30)

where ¢ = a — gR. Now we can linearize it around flat spacetime to obtain:

08¢ = = 8¢ = m26¢
4 ST (31)

For metric perturbations, we write
1
a(6R,y — En#VSR)

4
= Muk? — k,k,) (8¢ — §5R)2n,wkyk95m9 + 2k%6R,,
[

Using the same gauge freedom, we used in the previous section:

_ h
9,h" =9, (h“" — 50"+ nth> =0

h=0, h=4h;, (33)

we simplify it and find:
k*
(k% + Yh,, =0,
m?pinz w (34)

where mﬁpinz = —% and meanwhile we have O hy = mZh,. We deduce that two modes
exist, one is massless graviton with dispersion relation k? = 0. the other is a massive (if a >

JMIINTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vor.10,2019
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On gravitational wave modes ... 8

0) ghost (non -ghost if a < 0) with dispersion relation k? = —mﬁpinz = %

In case of negative a, we constrain a graviton mass using a uniform prior probability on the
graviton mass [18] m, c [1072¢,1071°] to obtain

la| € [10752,10732]. (35)

Notice that due to the extremely small values of « the last two terms play a leading role in
the modified theory.

Summary

In this work, we considered original Nash theory of gravity. In terms of the scalar fields
representation, Nash gravity is equivalent to the action of bi-scalar tensor gravity with four
derivative terms of metric tensor. We then quantified the ghost in the theory and found an
instability in vacuum of the theory. We studied the graviton propagation by performing a
small perturbation over a fixed Minkowski background. We discovered the standard wave
equation and obtain the solutions as those of the standard general relativity.

In order to satisfy the GR in the weak field limit, we further modified the original Nash theory
by adding the Einstein-Hibert term leading to the so-called modified Nash gravity. In this
theory, we once studied the gravitational wave modes we derived equations of motion and
examine the solutions. We discovered the two-mode solutions: the massless graviton and the
massive one. Using a uniform prior probability on the graviton mass, we constrained mass
parameter to obtain |a| c [10752,10732].
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with Grant No. ThEP-61-PHY-NUL1. D. Momeni and M. Al Ajmi would like to acknowledge the
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Abstract: The purpose of this article is to construct some geometric inequalities for statistical
submanifolds in Kaehler-like statistical manifolds with constant curvature. The main aim is to establish
the statistical version of B. Y. Chen inequality and bounds for generalized normalized &-Casorati
curvatures for statistical submanifolds in Kaehler-like statistical manifold and find the condition under
which equality holds. Moreover, we provide some applications of the inequalities obtained.

Keywords: Kaehler-like Statistical manifold, Conjugate connection, B. Y. Chen inequality, Casorati
curvatures
Mathematics Subject Classification (2010). Primary 53B05; Secondary 53B20, 53C40

1. Introduction

In 1989, the notion of statistical submanifolds was introduced and studied by Vos [13].
Though, till the date it has made very little progress due to the hardness to find classical
differential geometric approaches for study of statistical submanifolds. Furuhata [7], studied
statistical hypersurfaces in the space of Hessian curvature zero and provided some examples
as well. In 2018, Aquib et al. [3] studied statistical submanifolds in quaternionic Kaehler-like
statistical manifolds and obtained some results. Recently, some results have been published
for statistical submanifolds and submersions by different geometers [4, 5, 8, 10, 12].

Furthermore, we know that Chen [6] has obtained a sharp inequality for the sectional
curvature of a submanifold in a real space forms in term of the squared mean curvature and
the scalar curvature. Afterward, several geometers obtained similar inequality for different
submanifolds in different manifolds [9, 11] due to its rich geometric importance.

The objective of this paper is to prove B. Y. Chen inequality for statistical submanifolds in
Kaehler-like statistical manifolds with constant curvature and discuss the condition under
which the inequality becomes equality. Further, we obtain bounds for generalized normalized
&-Casorati curvatures and the condition for the equality case.

In fact, to have the B. Y. Chen inequality, geometers use the well-known lemma from Chen

[6]
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Lemma 1.1 [6] Let by, b,, ..., by, [ be p + 1 real numbers for p > 2 such that

p 2 P
Zbi —(p—-1) beﬂ.
i=1 i=1
Then, 2b;b, > 1 and the equality holds if and only if by + b, = b3 = -+ = b,,.

But, in the statistical structure we are not able to use the above lemma to obtain the result.
Recently, Aquib [2] overcome this problem by deriving a new Lemma in terms of second

fundamental forms ¢ and ¢* with respect to V and v respectively. Hence, by making use
of that new Lemma we obtain the desired statistical version of B. Y. Chen inequality in
Kaehler-like Statistical manifold with constant curvature.

2. Statistical manifolds and their submanifolds
Let (IV,g) be a Riemannian manifold and V and V be torsion-free affine connections on
V. Then the Riemannian manifold (I, g) is said to be statistical if

for X,Y,Z € T(TN).

Here, we note that:

1. Vand V aredual connections.

2. V) =V.

3. The pair (V,g) is called a statistical structure.

4. Whenever (V, g) is a Statistical structure on V', (V*, g) is also statistical structure on
N.

5. For the dual connections V and V_ we always have a Levi-Civita connection V. on V"
such that

V+V =2V, (2.2)

6. The curvature tensor fields R and R of V and V respectively, satisfies
g@R (X,)Z,W) = —g(Z,R(X,)W). (2.3)

Let NV be a 2m-dimensional manifold and let ' be a n-dimensional submanifolds of V.
Then, the corresponding Gauss formulae are [13]:
{VXY =VyY +0(X,Y),
V¥ =ViY 4+ 0°(X,Y),
where o and o are symmetric and bilinear, called imbedding curvature tensor of V' in

JMIINTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vor.10,2019
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N for V and the imbedding curvature tensor of N in V" for V*, respectively. Let us denote
the normal bundle of N by I'(TV1). Since o and o* are bilinear, we have the linear
transformations A; and A:é defined by

{Q(AEX' V) =g(a(X,Y),%),

gAeX,Y) = g(a" (X, Y), %),

forany £ e I(TAV1) and X,Y € I'(TV). The corresponding Wiengarten formulas are [13]:
Vxé = —ApX + V¢,
Ve = —AeX + ViHE,

for any ¢ e I'(TNVY) and X € I'(TV). The connections Vi and Vit given in the above

equations are Riemannian dual connections with respect to the induced metric on T'(TNV' ).

The corresponding Gauss equations are defined as [13]

IRX.VZ,W) = gRX,V)Z,W) + g(o(X,Z),0* (Y, W))

—g(a*X,W),0(Y,2)), (2.4)

and

g® X, V)Z,W) = g(R*(X,)Z,W) + g(a" (X, Z),0(Y,W))
—g(c(X,W),0*(Y,Z)). (2.5)

Definition 2.1 ([10]). A 2m-dimensional statistical manifold V" is said to be a Kaehler-like
statistical manifold with constant curvature if it admits an endomorphism J over the tangent

bundle I'(V") and a metric g and a fundamental form w given by w(X,Y) = g(X,JY)
such that

J?=-1d; Vo =0, (2.6)

for any vector fields X,Y € F(W). Since w is skew-symmetric, we have

Definition 2.2 ([10]). A Kaehler-like statistical manifold with constant curvature V" is said
to be of constant holomorphic curvature ¢ € R if the following curvature equation holds:

R(X,Y)Z = %{g(Y, DX — g(X,2)Y + g(X,J2)]Y
—gY,J2)]X + g(X,JY)]Z — g(JX,Y)]Z}. (2.7)

Definition 2.3 ([8]). A CR-submanifold N of IV is called a totally real submanifold if
dimD, = 0,x € V.

Let ' be a Riemannian manifold and K () denotes the sectional curvature of ' of the
plane section m c T,V at a point p € V. If {eq,...,e,} and {eniq, ..., €2} be the
orthonormal basis of T, and TpL]\f at any p € V', then the scalar curvature t at that
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point is given by

t(p) = K(einep)
12171 ' (2.8)

Let {eq, ...,en} and {e,41, .-, €2} De tangent orthonormal frame and normal orthonormal

frame, respectively, on V. The mean curvature vector fields are given by
n

1
ni (2.9)
n
1
j‘[* = _Z O-*(ei' ei)'
n& (2.10)
and
n
1
He = —Z o’ (e, e;).
ni (2.11)
We also set
n
|l o lI?2= Z g(a(e;, e),0(e; e€p)),
= (2.12)
n
Il o* II2= z g(a* (e, €5),07 (e, €))),
52 (2.13)
and

n
Il o° II2= Z g(o°(es, €)),0°(ey, €)).
& (2.14)

Further, we denote by

n
I P II%= Z g*Uej, e).
{7=1 (2.15)

Let K(m) denote the sectional curvature of a Riemannian manifold V' of the plane section
m c T,V atapoint p € V. Then,
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)= Y Keine),
1si<jsn (2.16)
where 7 is the scalar curvature. The normalized scalar curvature p is defined as

2T

P =1 (2.17)

We also put
o-i);' = g(a(el-, ej)l ey); O-;jy = g(a*(el-, Ej), ey),

i,j€L12,..,ny €{n+1,...,2m}. The squared norms of the second fundamental form o
and ¢ are denoted by C and C*, respectively, and are given as

1 2m n 1 2m n
c=- Z Z (6/)? and €*=- Z Z @2,
ny=n+1 i,j=1 ny=n+1 i,j=1 (2.18)

called Casorati curvatures of the submanifold [14, 16].

Let L, be an r-dimensional subspace of TN, r = 2, and {eq, e,, ..., ,-} is an orthonormal
basis of L,.. Then

(L) = z K(e, Aep),
1<sy<psr
is called the scalar curvature of the r-plane section. The Casorati curvatures ¢ and C* of
that r-plane section are [14, 16]:

C’(LT):% sz i (ag;- 2 and C*(Lr)=% zzm i (al.*j”)z.

y=n+1 i,j=1 y=n+1 ij=1 (2.19)

The normalized §-Casorati curvatures §,(n — 1) and 8,(n — 1) are defined as [15, 16]:

1 n+1

[6.(n— 1], = EC’p + o

inf{C(Ln-1)|Ln-1:ahyperplaneofT, N} ) 59
and

o 2n
[6.(n — 1)]p =2Cp — o

sup{C(Ln-1)|Ln-y:ahyperplane of N} 5 1y

Similarly, the dual normalized &* -Casorati curvatures 8:(n—1) and 8)(n—1) are
defined as [3, 14]:

. 1 . n+1
[6:(n = D]y =5C; +

— inf{€C*(Ly-1)|Ly—1:a hyperplane of T, '} (2.22)
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and

A 2n
[6s(n—1)], = 2C%, — Tsup{(f*(Ln_lﬂLn_l: a hyperplane of T, V'}. (2.23)

For a positive real number t = n(n — 1), put

1
b(t) =E(n— D(n+t)(n®?—n—1t), (2.24)

then the generalized normalized §-Casorati curvatures §,(t;n — 1) and é,(t;n — 1) are
given as [15, 16]:

[6c(t;n—1)], =tCp + b()inf{C(Lyp—1)|Ln-1:ahyperplane of T, N'}
if0<t<n(n+1),and

[8.(t;n — 1)], = tCp + b(t)sup{C(Ln—1)|Ln—1:a hyperplane of T,N'}
ift>nn-1).

Further, the dual generalized normalized &* -Casorati curvatures 6.;(t;n—1) and
8:(t;n — 1) are given as [3, 14]:
[6:(t;n — 1], = tCp + b(t)inf{C*(Ly—1)|Ly—4:a hyperplane of T, N'}
ifo<t<n(n-1)and
[6:(t;n — D], = tCp + b(t)sup{C*(Ly—1)|Ln-1: ahyperplaneofT, V'}
ift>nn-1).

Lemma 2.4 ([16]) Let
F={(xq, .., xp) €E R":xy + -+ x,, = k}
be a hyperplane of R", and f: R™ — R a quadratic form given by

n—-1

FO1y ) %) = az ()2 + b(x,)? — 2 Z xx;, @>0,b>0.
i=1 1<i<jsn
Then f has a global solution,
1
= = e — _ = k,
X1 =X Xn-1 a+1
_ 1
=y (2.25)
provided
_on- 1
T a-n+2

3. A general inequality and applications
Let NV'(¢) be a 2m-dimensional Kaehler-like statistical manifold of constant curvature ¢ €
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R and V' be an n-dimensional statistical submanifold of V' (c).
Then we obtain the following inequality and some of its applications.

Theorem 3.1 Let V' be a statistical submanifold in Kaehler-like statistical manifold V' (c).
Then

202 2{n(n =D+ @ +3 1P )=l o ll o I 402,30 (51

Proof. Let {e4,...,e,} and {e,,4, ..., e2:n} be the orthonormal basis of tangent orthonormal
frame and normal orthonormal frame, respectively, on V. Putting X =W =¢; and Y =
Z = e; inequation (2.7) and take i # j , we have
— c
R(e; ej,¢e;,€) = Z{g(ej' ej)g(e,e) —g(e,egle) e)
+9Uej ep)gUeie)) —gUeie)g(e;, e)
+9g(eije)gUeje) —gUene))gUe) e} (3.2)
On the other hand, from Gauss equation
R(e; ej,e;,€) = R(ej e, ¢;,€) — g(alese), 0" (e, €))
+g(o”(ei, ), 0(ej, €))). (3.3)

Now, combining (3.2) and (3.3) and taking the summation over 1 < i,j < n, we find

Z R(ei ej,e,€;) = %{nz —@rD*+21P 1% - Z g(o(ey€),07(ej €))

L,j=1 Lj=1

+ g(a™(ei, e1),0(ej, €)).
iJzzl " (3.4)

Equation (3.4) implies

2m n
C
2 = Z{nz —@rD*+210PI%} - Z Z oo +nPg(H", H)
a=n+1 i,j=1 (3'5)

C
> - 2 _ 2 2y * 2 * .
220 = @)* + 21 P IF}=N ol o” Il +n?g(H", H) (3.6)
An immediate consequence of the Theorem 3.1 is the following results.

Corollary 3.2. Let " be a statistical submanifold in Kaehler-like statistical manifold " (c).
If 6 be the angle between H and H™, then
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Angle between H and H* | Inequalities
o 2T > %{n(n -1+ (tr])2 +3P IIZ}—II ol o* |l
+n?||H*||||H]||cosO
0°(i.e. 3¢ || H7) 21> %{n(n — D+ EDE+31PI2—lo o |
+n? || H ||| H]|
00°(ie. J L ) 202 2(n(n - 1)+ @)* +31 P IRl ol o* |

Corollary 3.3 Let V' be a statistical submanifold in Kaehler-like statistical manifold 2V (c).
Then

> %{nz — @)+ 21 P I3 3.7)

1. either V" is totally geodesic for the connection V or
2. IV is totally geodesic for the connection V .

Proof. If v totally geodesic for the connection V, then |l o [|I= 0, this implies H = 0. If
IV totally geodesic for the connection V*, then || ¢* ll= 0, this implies H* = 0. Hence, we
have our assertions with the help of (3.1).

We also notice the following.

Corollary 3.4 Let V' be a statistical submanifold in Kaehler-like statistical manifold " (c).
Then

c 2 * 2 *
21 2 gn? =l o llll o* Il +ng(3", 70), (3.8)

if IV istotally real.
Proof. We obtain the result using definition 2.3 in equation (3.6).

We also notice the following result.

Theorem 3.5 Let V' be a totally real statistical submanifold in Kaehler-like statistical
manifold V' (c). Then

> Sp2
T=—Nn".
3 (3.9
If
1. either IV is totally geodesic for the connection V, or
JMIINTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vor.10,2019
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2. IV istotally geodesic for the connection v,
Proof. If v totally geodesic for the connection V, then |l ¢ [|= 0, this implies H = 0. If

IV totally geodesic for the connection V*, then || ¢* ll= 0, this implies H* = 0. Hence, we
have our assertions with the help of (3.8).

4. B. Y. Chen inequality
Let NV (c) be a 2m-dimensional Kaehler-like statistical manifold of constant curvature ¢ €
R and IV be an n-dimensional statistical submanifold of ' (c).

Then we have the following.

Theorem 4.1 Let V' be a statistical submanifold in Kaehler-like statistical manifold V' (c)

with
2m 2m
Y oifef=> obaif.
a=n+1 a=n+1
Then
c
KD <2t +Z{2®(n) + (tr))? —n* — g(Jez, e)g(Jer, er) — 2 1 P 11?3
1
a2 2 * N2y 2 o2 *
+2n MHWN+HNH ) =2n* I H°I1* +ll ol o™ 1, (4.1)

where 0(m) = g2(Je,, e;). Moreover, the equality holds if
oc=ko*, keR*t
Proof. Equation (3.5) can be rewritten as

27 = %{nz — @2 +2 1P 1%
= g(otene). 0" (e e0) + gL, 30)
ij=1 (4.2)
c 1
= Z{nz —(trD*+21PI% - E{Q(U(ei: ej) +o7(ej,e) 0(e;,e)
+U*2(ep e;)) —g(a(e;, ej): o(e;, ej)) - g(U*(ejr e;), 0*(€jr e;))}
+%{g(}f* FHHT A+ H) — g(H,H) — g™, H)). (43)

Indeed, from equation (2.2), 2H° = H + H™*. Then it follows from the above equation that

2T = %{n2 —(tr])*+ 211 P I?}—2g(c°(es €, 0°(es €))) (4.4)
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2 2
+§(|| o 12 41 o I12) + 2n2g(H°, H*) — %g(?f, ) — %g(ﬂf*,ﬂ‘*).

Also, we know that K(IT) = R(eq, e,, €1, €3).

Therefore,
K(IT) = E;(ev ey, e1,8;) — g(a(ey, ez),07(ez,61)) + g(a*(eq,e1),0(ez, €2))
= Z{l —gUeze)g(es er) +2g°%(es,.Jez) — g(es, e2)g(Jes 1)}

2m
*A L~ a 104
+ Z [011 022 — 012017 ]

a=n+1

2m
Cc
= S{—gUezegUere) +20%(erJe)} + Y [oifasy — ofyoif]

a=n+1

2m
c
= Z{—g(]ez'ez)g(]el' e1) +20(m)} + Z [017 032 — 012015 -
a=n+1 (45)

Taking into account (3.4) and (4.5), we get
Cc
K() — 21 = {~g(ez, e2)g(er, e1) +20(m) —n® + (tr])> =2 P 1I°}

2m
2
n
+ ) loifof, - ofoif] - nPg(3", ") + g (3,30)
a=n+1
PG Y + 21 0" == (ll 0 12 +1 0" 1)
29 ’ 2 (4.6)

On the other hand,
lo+c*I1’°=g(c+0*,0+0"%)
=l o 1?4+ g(o,0") + g(c*,0)+I o* II?
=l o 1>+ 2g(o, ")+l o* I
<lol?+21lalllc*ll +1 c* I, (4.7)

and the equality in the above inequality holds if
o=ko*, keR". (4.8)

Equation (4.7) implies
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ol +lo* 122l a+a* 1>=2 1o llla* . (4.9)

Using equation (4.9) in (4.6), we find
C
K(D) = 21 < 7 {~gUez, e2)g(er, e1) + 20(m) —n? + (tr])* = 2 | P I°}
2m nz
+ ) [oifofs — ofyoif] - 2n2g(3°, 1) + = g (3, 30)
a=n+1
nz * * o2 1 2 * 112 *
+7g(ﬂ-[ SHY+ 2100l _E"a +o*I“+llallla™ |l
c
= Z{—gUezlez)g(/epeﬂ +20(m) —n®+ (tr])* =21 P I}

2m 2

n
+ ) [oifof - ofhoi§] - nPg(I",I7) + - (I, 3)
a2=n+1
+2- g H)+l ol o Il (4.10)

Using hypothesis of the theorem in (4.10), we have

c
K() <21+ Z{—g(]ez,ez)g(]el,el) +20(m) —n?+ (tr)? =21 P 1%}
n? n?
— 2 ° ° — _ * * *
2neg(H°, H°) + > g, H) + 5 gHSH)+Nalll o™ . (4.11)

Hence, we have our assertion.
The following results follows from Theorem 4.1.

Corollary 4.2 Let V' be a statistical submanifold in Kaehler-like statistical manifold " (c).
If 6 be the angle between H and H™, then

Angle between # and F* | Inequalities
0 K() < 27+ 2{200m) + (tr])? = 1 = g(Jes, e2)g(er, 1)
— 21l P 112} — n?||H||||1H *]|cosO+ o Il o* |
0°(i.e. 7€ 11 37 K() < 27+ 2{20(m) + (¢r))? = n? = g(Jes, e2)g (e, 1)
— 20 P IR} = n?||HNH |+ o Il o* I
o0"(e. F L 37 K@) < 20 +2{20(m) + ()2 = n? = g(Jes,e2)g (e, e1)
—20P I3+l o lllo*
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Corollary 4.3 Let V' be a statistical submanifold in Kaehler-like statistical manifold " (c).
Then

K(ID) < 27+ %{2@71 +(tr))* =n® —g(ey e)gUer e) =2 1P 1%} (4 19y

If
1. either IV is totally geodesic for the connection V or

2. JV istotally geodesic for the connection v.

Proof. If N totally geodesic for the connection V, then ¢ = 0, this implies H = 0. If I

totally geodesic for the connection V*, then ¢* = 0, this implies H* = 0. We also have
2H° =H + H*. Taking these facts into consideration and combining with (4.1) we have
the required result.

Theorem 4.4 Let IV be a totally real statistical submanifold in Kaehler-like statistical
manifold V' (c). Then

c 1
< — 2 a2 2 * 12 _ o2 1.
() < 20+ {1 +n—n)}+on2(H 12 HIH 1D =203 12 Hlo Ml o™ Il (493

Proof. We proof the result using same process as in case of Theorem 4.1 and the definition
2.3.

Corollary 4.5 Let V' be a totally real statistical submanifold in Kaehler-like statistical
manifold V' (c). Then

K < 27+ 2{(1+n—n?), (4.14)

1. either v is totally geodesic for the connection V or
2. W is totally geodesic for the connection V .

Proof. If V' totally geodesic for the connection V, then ¢ = 0, this implies H = 0. If ¥

totally geodesic for the connection V*, then ¢* = 0, this implies H* = 0. We also have
2H° =H + H*. Taking these facts into consideration and combining with (4.13) we have
the required result.

Remark 4.6 The similar results can be obtain for ﬁ* as well.
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5. Generalized Normalized é-Casorati Curvature

In this section, we mainly show that the normalized scalar curvature is bounded above by
the generalized normalized §-Casorati curvatures for statistical submanifolds of Kaehler-like
statistical manifold with constant curvature c¢. We mainly proof the following result.

Theorem 5.1 Let I be a statistical submanifold in a Kaehler-like statistical manifold

N'(c). Then, the generalized normalized §-Casorati curvatures §.(t;n — 1) and 8} (t;n —
1) satisfy

p < 5(t;n—1) n?—(tr)*+ 211 P I%}

2 c

nn—-1) * dn(n—1)

e M 1)
(n—1) 2(n—1) '

(5.1)

for real t, 0 <t<n(n—1), where 28:(t;n—1)=6.(t;n—1)+6:(t;n—1) and
2C° = C + C*. The equality case holds in Equation (5.1) if and only if the component of o
satisfies

ai"J?’ =0, i,je{l,..,n}, a€{n+1,..2m},

t
V¥ == 5 — A
041 =0y = =0, 1 1= o, a€{n+1,..2m}.

n nn—1) " (5.2)

Proof. Equation (4.4) can be re-written as

Cc
2t = £ {n? = (1)) + 2 I P 2} - 2nC°
+n(3+(3* +2n%g(H°, H® n’ H,H n H*H*

Now, we may assume a quadratic polynomial 7" as

(o
T =2tC° + 2b()C°(Lp—q1) + Z{nz —(@rD*+2 1 P1I%}
20+ T (C+C) = T 51 41 12
T 2( ) ) ( ), (5.4)

where L,_; is the hyperplane of T,,M. Without loss of generality, let us assume that L,_;
is spanned by ey, ..., e,_1, then from Equation (5.4) it follows that
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() 3 S et § S

y= n+1L] 1 y=n+1 i=
2m

_ °yY ~°¥
DAL

y=n+1 i<j=1

which implies
2 Ry S 3 3 ey
() 3 3
(ieai) 3 3 ) 3,
=n+1 i<j=1 . y=n+1
+2( -i-l)]/;-llZ (O-oy 2_2]/;1 l;l : ”’
_sz [(5 b(t))Z( 7Y+ oy -2 Z oil o)
y=n+1 i<j=1

Now, we consider the quadratic forms f,: R™ — R such that

oy
fy(an' ‘722' w0 Optin+t

sz (5 bw)Z("“ Loy
n

y=n+1

n
-2 Z Ji"iycrj"jy .
(5.5)

i<j=1

We start with the problem
minf,, subjectto T:ay) + oy, + -+ opn = kY,
where kY is a real constant.

By comparing Equation (5.5) and Lemma 2.4, it is easy to see that
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t b |t
n n-1’ n

Hence, a critical point of the problem has the following form:

o 0 o 1
O =0y = =0, = ka
atn-1t1
R 1
o) = n 1kV.
nT (5.6)
Thus, we get
T =0,
which implies

c
2T < 2tC° + 2b(t)C°(Lyq) + Z{n2 —(@rD?*+2 1P 1I1%}
n * nz 2 * 112
+5(C+C) = (NH N2 +NF ).

(5.7)

From this it follows that
2t 2b(t)

o

psn(n—l) +n(n—1)

C°(Lp-q) + m?>—(@rD?*+21PI%*

c
dn(n—1)

P2 S S Py RN Py
Z(n—l)( ) 2(71—1)( )

2 setn—1)d— 2 — ()2 21 P 1)
nn—1) " 4n(n—1)

bl ey R )
2= )" 2m-D¢ '

which is the required inequality. The equality in Equation (5.1) holds if and only if we have
the equality in the all the previous inequalities. Thus, the equality holds in Equation (5.1) if
and only if the relations in Equation (5.2) are true.

Remark 5.2 A similar result can also be obtained for generalized normalized §-Casorati
curvatures 8,(t;n — 1) and 8 (t;n — 1).
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1. Introduction and Preliminaries
In order to approximate continuous functions defined on the positive half axis, Bleimann,
Butzer and Hahn (BBH) introduced, in 1980, the following linear positive operators in [4];

1 - k n
Ln(fix) = (1+x)nkz=0f(n—k+1) [k]xk,xZO (1.1)

The advent of g-calculus created a new venue of research in Approximation Theory. Lupas
[14] introduced the first g-analogue of the Bernstein polynomials in 1987. Phillips [19]
presented another modification of Bernstein polynomials in 1997. He also established results
for the convergence and the Voronovskaja’s type asymptotic expansion for these operators.
The g-analogue of the BBH-type operators in (1.1) is defined as

.1\ k], k(k=1)
L (fi%) = ln<x>kzzo ey N

(1.2)
where L,(x) = [TFZ5 (1 + q°x).

In recent decades, the concept of (p, g)-calculus has also been introduced. Many researchers
have used (p, q)-calculus to establish new and interesting results in Approximation Theory.

Recently, Mursaleen et al [16] introduced the first (p,q) analogue of Bernstein operators
and (p, q)-analogue of Bernstein-Stancu operators in [17]. They have investigated the
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approximation and convergence properties of these operators.

Let us give rudiments of (p, g)-calculus. The (p, q)-integers [n], , are defined by
n__ ,n
[nlp,q :pp _Z , n=012..0<qg<p<1,

whereas g-integers are given by
_1-d

[n]q “1-q’ n=2012..0<qg<1,

for n € N. Itis clear that the two concepts are different and the former is a generalization
of the latter.
Also, we have (p, g)-binomial expansion as follows

n
(n—-k)(n—-k—-1) k(k—-1)
(ax + by)pq:= Z p 2 q 2 [Z] akpkxnkyk
k=0 2 2 o 1 1
(x+y)pg =@ +y)x+qy)Px+q°y)...(@" " x+q"y),
1=x)p, =0 =) —q)P*—q¢*x)...(@" ' —q" x)

and the (p, g)-binomial coefficients are defined by
[n] _ [n]p,q!
klpq [klpq![n — k]p,q!.

By simple calculation, we have the following relation
" In—k+ 1], =[n+1],, — 0" k],

For details on g -calculus and (p,q) -calculus, one is referred to [22] and [10, 20]
respectively.

The concept of statistical convergence was introduced by Fast [8] in the circa 1950 and in
recent times it has become an active area of research. The concept of the limit of sequence
has been generalized to a statistical limit through the natural density of a set K of positive
integers, defined as

1
6(K)=rlli_r)rolor—l{kSn for k €K}

provided this limit exists [18]. We say that the sequence x = (x,,) statistically converges to
a number [ if for each € > 0, the density of the set {k: |x, —l| > €} is zero. We denote it
by st—li}znxk =1. It is easily seen that every convergent sequence is statistically

convergent but not inversely.

The main purpose of this paper is to introduce a modification of the operators defined by
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Mursaleen et al. [15] and investigate statistical approximation properties of the operators with
the aid of Korovkin type theorem (see [11, 12]) and estimate the rate of their statistical
convergence.

Based on (p, q)-integers, we construct (p, q)-analogue of BBH operators and we call them
as (p, q)-Bleimann-Butzer-Hann operators and investigate their Korovkin’s type statistical

approximation properties by using the test functions (ﬁ)v for v = 0,1,2. Also, for space
of generalized Lipschitz-type maximal functions we give a pointwise estimation.

Let Cgz (R, )be the set of all bounded and continuous functions on R,. Then Cz(R,) isa
linear normed space with the norm

I flley= Sup If GOl

Let w denote the modulus of continuity which satisfies the following:
(1) w is anon-negative inceasing function on R,

(2) w(61 + 62) < w(8y) + w(82)

(3) %ina w(6) = 0.

Let H, be the space of all real-valued funtions f defined on the semi-axis R, satisfying
the condition
— < - 7
If () = fW)I ( 1erl)
forany x,y € R,.

We state the following theorem from [9].

Theorem 1.1 Let {A,} be the sequence of positive linear operators from H,, into
Cg(R,), satisfying the conditions

i 14,(G" ) = ()l

for v =0,1,2. Then for any functlon fEeH,
lim [[An(f) = fllc, =0

Now we introduce (p, g)-Bleimann-Butzer-Hahn type operators based on (p, g)-integers
as follows:

n k+1 ] m-K)Y(n—k-1) kk-1)
LPA(F: x Z o 2 ? x*
n (f;x) = {;pq( x) f( n—k+ 1 ) 1 [k]p,q (1.3)

where x = 0, O<q<p$1,and

i@ =] e +aen,
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and f is defined on the semi-axis R, . Also, by induction, we construct the Euler’s identity
based on (p, q)-integer as

n—-1 n

(=K (n-k-1) k(k-1) rp
n(ps+qsx)=2p 2 q z || "
_ ~ P4
s=0 k=0

If we put p = 1, we obtain g-BBH operators in [3]. In (1.3), if we take f(—[k]”'q ) in

[n—k+1]pq

(1.4)

n k+1
place of f (#) then we obtain the usual generalization of Bleimann, Butzer and

Hahn operators based on (p,q)-integers and then it is not possible to obtain explicit
v
expressions for the monomials t¥ and (i) for v = 0,1,2. Explicit formulas for the

monomials ( T ) for v = 0,1, 2 are obtainable only if we define the Bleimann, Butzer and

Hahn operators as in (1.3). It is to note that these operators are more flexible than the classical
BBH operators and -BBH operators. That is depending on the selection of (p,
q) —integers, the rate of convergence of (p, q)-BBH operators is as good as the classical
one at least.

2. Main Results

We need the following lemma.

Lemma 2.1 Let [7(.;x) begivenby (1.3). Thenforany x >0 and 0<q<p <1,
we have the following identities

¢)) L"”q(l'X) =pq,

q[n]p
2 Pq _ q
() (1+t ) [n+1]q(1 )
@) Iy <P Mg = 1y X2 Py X
1+t [n+115, A+x)@+qx) [n+1]3, 1+x
Proof. (1) We have
(n—-k)(n—k—1) k(k Dm
DdA,rq. —
Ln (l’x) pr( )Z p 2 [k]pq
Butfor 0 < g <p <1, we have
n
(m-k)(n—k-1) k(k-1) i
>r oz a7 [ k—]—[(p +0%0) = 670,
k=1
and so
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pq
n (L2 = g x () =P
and this proves (1).
(2) Let
pn—k+1[k]p'q

B [n—k+ 1]p'qqk'
then

t _ [k]p'qpn+1—k

1+t [n+1]p,q
t Kk+1

p,q(  x) = pq [k]p,qp" (n—- k)(;l k— 1)qk(k 1)[ ]
n 1+x' fprQ(x) [n+1]pq k pq

pvRHL (n—k)(n—k-1) k(k Doy — .
pq z P ? [ - ] x
{’ (x) n+1pq 1

pq ], (n—k)(n—k—-1) k(k Dirn—1 .
=x( p) z P 2 (g%)
P (x) [n+1pq & [ ]p
= p?q [Mpq X
Mm+1],,1+x

which proves (2).

3) 121 \__PL N [k13.q0°™" k+1)p(n Dk-1) K 1)[ ]
"1+ )2’ () Lak=1 [n+1]2, k

Now we have
[k]pq pk ! + Q[k ]p,q: and [k]p q cI[k]p,q [k - 1]p,q + pk_l[k]p,q'

using it in above, we get

2
vaq t .x
" \(1+x)?’

e(x) [n+ 112,

pq <O qlklpqlk = 11,p? D - B nk=1) k(k 1)[ ]
P k

n

k 2n=2k+2  (n—k)(n-k—1) k(k Dm
b o B
1?n (x) k=1 [Tl + 1]p,q Pq
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n
__pq_alnfpeln— pqz (2n-2k-2)1 () (k1) k(k 1)[ ]
60 m+1l3, = k—2

pq [n]p,q Z (k,—1)+(2n—2k—2)=(n_k’)(g_k_l)qk(kz_l) [n—l]
Gl I+ 15,4 -1

n-2
, pq qnlpqn—1],4 Z p((Zn_ZR_Z)+(n—k—2)2(n—k—3)q(k+1)2(k+2) [n _ 2] xk
Pl [n+1]3, k

b.q

ra_ [nlpg < (et 2n—zi)+ Kz Dk=2) k(KAD) 1y — 1 .
{’pq(x)[n+1]pqu q [k |

+

p.q

2 n-—2
, Pq Pq [n]p,q [Tl - 1]p,q Z (n—-k)(n—-k-1) n-— k

= x5 p q (q%x)

T R, & [ ]

1 n-1
pq p"nlpg Z p (=) (n=k= 1)q —1) [n - 1] (gx)¥

qu(x) [n+1154 P k p.q

_ pzqg[n]p,q [Tl - 1]p,q x? pn+2q[n]p,q X )

[n+ 113, A+x)(p+qx) [n+1]2, 1+x
This proves (3). O

Korovkin’s Type Approximation
We obtain the Korovkin’s type statistical approximation properties (see [1]) for the operators
defined by (1.3), using Theorem 1.1. In order to obtain the convergence reesults for the

operators L27(.;x), we take q = q,, p = p, Where g, € (0,1) and p, € (g, 1] that
satisfy

liTan Pn =1, liTIln q, = 1. (2.1)

Theorem 2.2 Let p = (p,,) and q = (q,) satisty (2.1) for 0 < q, <p, <1, and if
1P s defined by (1.3), then for any function f € H,,, one obtains

st — lir{nllLfl”’q”(f; x) = flleg = 0. (2.2)

Proof. In the light of Theorem 1. l it is sufficient to prove that

X
N Pn.dn . TN\ — —
st rlll_r)glo I L ((——— ) ;%) (1 n x) lc,=0, for v=0,12. (2.3)

1+t
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From Lemma 2.1, the first condition of (2.2) is easily obtained for v = 0. Also, we can
easily see from (2) of Lemma 2.1 (2) that

X ann[n]p q

Lpn Adn ; _ v < nin _ q
I (") — ) e < | gy e =1
]y, q
=1—pnqn [ P’ 2

n+1], ,qn

1+t

Now for a given € > 0, we define the foIIowing sets

Pndn X
U = (15 (s ) — o 2 €,

[ ]pnIQn
Up={n:1— Py > e}
Pn.An

It is obvious that U Ul, so we have
Pn.dn X [n]pnIQn
6k < n:ll LV ( xX) — ||26}S5{k$n:1—pnqn[—2€}.

1+t 1+x n+1], 4.
Now using (2.1) it is clear that

[n]pnlqn ) — O,
[n + 1]pn:qn

[n]p,.q
6k <n:1- ——>¢€} =0,
{ n pnCIn [n + 1]pn’qn E}
st — 11m||Lp” qn(L x) — llc. =0
1+t 1+x 8 7
which proves that the condmon (2.2) holds for v = 1. To verify this for v = 2, consider

(3) of Lemma 2.1. Then, We see that

st —lim(1 — p,q,
n

pn Adn —
||1Ly, ((1+t) x) (1+x) ey
Cw x* (Prdalnlpyg,n = Uppg, 1+x 1)+ Pi " anMpya, X
ng (1+x)?2 [n+ 1]129n,qn Pn + qnx [n+ 1]12711,% 1+x

After calculations, we get

[n]p q [n - 1]p q 1 dn
- = — {1 -pp(2+ =) ——————+ (R)? (1+ ) —},
[n+115,.4, dn " Pr [n+1p,q, pn’ [n+1]p 42
and
[]p—nqn = l (; — ;)
+1]2 4. qn [m+1lp.q, "[n+ 112 4.
Then we are led to
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L2y — ()21, < 10 = 1) + i (b — D1
’ 1+x cs < 13 Pn n+1lp,q, [Mm+113 4

ner TIn Pr N Prdn 0
(n+1lp,q, [+ 1,4, [n+1]pnqn

| S (G )

1+t

+Pn

+2( 1 _ pn )
[ n+ 1]pn'qn [Tl + 1]12771:5111

G PatPidn )

[n + 1]pn'qn [TL + 1]12771:5171

zl_pn+pn

_I_p +1(

Now if we denote
n+2( 1 _ p;ll )

[n + 1]pn:CIn [Tl + 1]§n'qn

pn+1( an _ DPn +p$%qn>
" [n + 1]pn'qn [n + 1]12771:5171

1—-ps

and

by a,, B, and y, respectively, then using (2.1), we find that
st—lima, =0, st—1limpB,=0, st—Ilimy,=0. (2.4)
n n n .

Now for a given e > 0, we define the following sets

= {n: IILp"q"((l—H)2 x) — ( )y = €},

U, = {n: ay = g},
U, = {n:ﬁn = E}'

Us ={n:yn >E}

14+x

ItisobviousthatUCU1UU2UU3.So,wehave

X
8k < Lann 2; _ 2 >
< B e Y50 = o Ve, 2 )

S(S{kSn:an2%}+6{k§n:ﬁn2%}+6{k§n:yn2 )

QJIf'h

Now by virtue of (2.4), the right-hand side of the above inequality is trivial, so we get

_ Pndn 2. — —x 2 =
st = Hm[|L7* " ( (0 )50 = (5 VPl = 0.
Hence the proof of the theorem is complete. O
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3. Rate of Convergence

In this section, we calculate the rate of convergence of the operators (1.3) by means of
modulus of continuity and Lipschitz type maximal functions.

Let & > 0. The modulus of continuity for f € H,, is defined by

B (f; ) = }: = f

t <6

R
where @(f; §) satisfies the following conditions, for all f € H,,(R,),
(D) gim w(f;6) =0,

X

t
1T T
@) 1f® - F@| < a(f; )AL EE 4y,

Theorem 3.1 Let p = (p,,) and q = (q,,) satisfy (2.1) for 0 < q,, < p, <1, and let
LPrI" e defined by (1.3). Then for each x > 0 and for any function f € H,, , we have

L (f; ) = f1 < 28(f3 [ (82.(0)),

where
5, (x) = z (przlq%[n]pn,qn [n— 1]pn,qn 1+x _ ann[n]pn,qn +1)
(1 + x)? [n+1]5 4. Pn + qnx [n+1]p.4,
pn+ZQn [n]pn,qn X
m+1]3 4 1+x
Proof.
L (f; %) = f1 < LI (8) = F(0)] %)
< a(f;0) {1 + le”q” ( _t | x)}
- ’ s " 1+t 1+4+xl’

Now by using the Cauchy-Schwarz inequality, one obtains

1 x 1 1
Pndn < _ [7Pnln _ 2. S5c1Pnldnq. 5
|ILy" " (fx) — fl < &(f; 5n){1+ [L ((—1+t 1+x) ;0)]2(Ly ™ (1 %))2}

1 ann[ Iopan = p,q, 1+x

< 6 1+ nYn nUn

O30+ -l ( [n+1]pnq R
P> Gn[np, q,, i) +p”+2qn[ lpnan ]2}
n+1lp,.4, [n+ 1],2%% 1+x

This completes the proof. O

2

Now we will give an estimate concerning the rate of convergence by means of Lipschitz
type maximal functions. In [3], the Lipschitz type maximal function space on E c R, is
defined as
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— ~ 1
Wee = {frsup(1 +x)%fo(x) <M ———2:x 20, and y€E}

(1+y)e« (3.1)

where f is bounded and continuous function on R,, M is a positive constantand 0 < a <
1, and Lipschitz type maximal function are defined as as follows [13]:

F© - £
fulet) = )
= (32)

We denote by d(x, E), the distance between x and the set E. That is
d(x,E) = inf{|x —y|;y € E}.

Theorem 3.2. For all f € W, 5, we have

LI (%) = F ()] < M(82(0)2(d(x, E))D), (3.3)
where §,,(x) is defined as in Theorem 3.1.

Proof. Let E denote the clouser of the set E. Then there exits an x, € E such that |x —
xo| = d(x, E), where x € R,. Thus, we can write

If =fGI < 1f = fxo)l + |f (o) — (-

Since LP™ are the positive linear operators, so for f € W, g, by using the previous
inequality, we have

LT (F%) = F QO < AL (f = F(xo)l; %) + 1f (o) — FOILT ™ (1;%)

|x — xo|*
<M Lpnqn 0 a; ann 1
( (|1+t 1+x0| )+ 1+ x) @) (1 + x9)* L (15x)

Then (a + b)* < a“ + b* consequently implies

A Cra e RE)
Lpnqn(|1+t_%|a 2 Lpnqn(|1+x 1iox0|a‘x)
t X
pnqn(ll—-}-t_l 0 |aix) ]
=L qn(l 1+t _%la 2 (1 +|;C);(10JIr X0)* b (152
By using the Hélder’s inequality with p = = and q =5 we have
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-

pn‘ln «a. Pn.dn 2. Pndn

<L) - 2(L 1; 2

iy 1+ 150 Iz 1= RCA s
|x—x0| Pnq
[P (1
A+0 A+ x)" " (1;%)
X —
=5,§(x)+ X~ %|” L2 (1; x).

(1 +2)%(1 4+ x)*
This completes the proof. O

Corollary 3.3 If we take E = R, as a particular case of Theorem 3.2, then for all f €
We,r,, One infers

a
L (fs %) = f (0] < M8 (%),
where &, (x) is defined as in Theorem 3.1.

Theorem 3.4 If

(k]
€ n—k+1 L k=0,1.2,...
* € QNPT g ek = 0b2 )
then
px x™1 px plnl,, n(n-1)
PUFx) — F(E) = — 2 "
AGERIIC lpq(x)[q e
Z px n k+1 [k]p'q f]
lpq(x) [n—k+ 1]pquk ’
k(k—1)
[n — k]P4 p.4q

Proof. We have

n
px pq p" R k] px
w010 )-1(2)
n (50 =S a/ & d [n—k+1]p,49" ! q
(n—k)(n—k—l)l1 k(k-1) rn
xXp * a4 [k]pq

z <px n k+1[k]pq > px. pn—k+1[k]pq f

lpq(x) m—k+1],,9%)| q "[n—k+1],,9%’
(n— k)(n k— 1) k(k 1) k

xpo 2 ‘q [k]pq

By using o _Klpa [k] [ _ 1]qu we obtain

—k+1]pq
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12 (f; x) — f(%

B Z px n k+1[k]pq f] (n—k)(;—k—l) k(k— 1)[ ]
- lpq(x) n—k+1],,q% F Kl *

k _ —k— -
Z[ﬁ pn- +1[k]p,q ) W_(k_n_l)_lqw_(k_l)

lpq(x) [n—k+1],,9"
k
%[ - 1],,@ X
_ Z px n k+1[k]p,q -f]p(n_k)(;l_k_l)+2qk(kz_l) [n] ok
lpq(x) [n—k+1],4,q* klpq
px Pk + g (”‘k)(g‘k‘l)_(k-n-l)_zq"(kz‘l)-k
lPQ(x) Tl k pqqk+1’
% [k]p,q
lpq(x) q lpq(x) q n_ ]pqq ’
_[ﬁ pn k+1[k]p,q . pw_(k_n_l)_zq@_k[ ] xk
q’ ' [n—k+1],q,q" k .
On using the results
pxpnkk+1pq nk+1
q ' [n—k] k+1' k+1pqq"'f
=< n kk+1pq n k+1 pq ){_ n k+1 k]p,q n_k[k+1]p,q_ }
[n— k]p,qqk+1 [n —k+ 1]p,qq q [n—k+ 1]p qq [Tl - k]p,qqk+1 '

and
pn—k[k + 1]p,q pn—k+1 [k]p,q
[n—Kk]lpqq*tt  [n—k+1],,q9"
we arrive at the desired result.
Hence the theorem is proved. O

=[n+ 1]p,qr

4. Some Generalisation of LP?

In this part, we present some generalizations of the operators L?'? based on (p, q)-integers
similar to work done in [3, 5]. We consider a sequence of linear positive operators based on
(p, g)-integers as follows:

JMIINTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vor.10,2019
COPYRIGHT© DEPARTMENT OF MATHEMATICS, JAMIA MILLIA ISLAMIA, NEW DELHI, INDIA



On Statistical Approximation Properties ... 38

LYY (f; %)

n
pq pn—k+1 [k]p gt V) (n-k)Y(n—k-1) k(k-1) rpp K
= . 2 2 X, ER
lﬁ’q (x) k=0 ( bnl k p q I:k]p,q (y )

(4.1)
where b, satisfy the following
n
PV ¥ K]y g + bpy = ¢, and [C]ﬂ -1 for n— oo,
n

It is easy to check that if b, = q¥[n—k + 1]pq+ B forany n,kand 0 <qg<p <1,
then ¢, =[n+1],,+pF . If we choose p=1, then the operators reduce to the
generalization of g-BBH operators in [3] which turn out to be Stancu-type generalization of
Bleimann, Butzer, and Hahn operators based on g-integers in [21]. If we choose y =0, g =
1 as in [3] for p = 1, the operators become a special case of the Balzs-type generalization
of the g-BBH operators [3] given in [5]. We derive the following theorem.

Theorem 4.1 Let p = (p,) and q = (q,) satisfy (2.1) for 0 < q, <p, <1 and let
LD e defined by (4.1). Then for any function f € W, [0, »), one has

lim| L™ (f;20) = f(O)lles < 3M

% max{([n]pn,qn)a( )4 )a’ |1 _ [Tl + 1]pn,qn la (pnqn[n]pnqn)a’ o pnqn[n]pnqn
(4 [n]pn,qn cnty [Tl + l]pn:CIn [n + 1]pn'Qn
Pnnnlp,q,[n — 1pn, qn}
[Tl + 1]pn dn
Proof. Using (1.3) and (4.1), we have
I L(T’nr‘]n):)’(f x) f(x) "CB
Z p;rll k+1 pn Adn + 14
n k+1[k] (n—k)(n—k—1) k(k. 1)
-y, T il
y + an k Pndn
Z |f(w)
l” "( ) Y +byk
pn k+1[k] - (n—k)(n—-k-1) k(k 1)
— f T D, 2 ]
[Tl k + 1]pn,qnqn Pn, Qn
we have
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I L(”""’”'Y(f x) = f(x) ncB

n-— k+1

Pn pn Adn +v

=P )Z 7€ bn,k
n k+1[k] (n—k)(n—k—-1) k(k 1)
_ Pndn 2
f( y + bn! k )lpn qn [k]pnrQn *

p;ll k+1 p q
A 2 [t
l () +bn,k

pn k+1[k] i (n—-k)(n—k-1) k(k 1)L1 "
— f— | SN SR 4] I
[ —k+ 1]pn qn49n Pndn

HILPRIY (F ) — F (0.

Now for f € W, [0, ), by using Corollary 3.3, we can write
I L(pn Qn))’(f X) f(X) "CB

Z | n k+1 ]pn " +)/
lann(x) n k+1 p o +y+bnk
prk+1[k] - (=K)(n-k-1) | k(k=1),
— e 2 —p, 2 q, *
Y+ p [k]pn qn+bnkCIn
[Tl] xk Z | n k+1[k]pn'Qn
k Pn.An lpn qn(X) n k+1 p dn + y + bn,k
pﬂ ""*1[k]pn,qn |
prTll k+1[k]pn,qn + [n —k+ 1]pn ann
(=)(=k=1) | kGe=1) a
xp, 2 q, > [k]p X+ M ().
This implies that
(Pnan)y e, ¥  a
L ;) = f () llgy< M( )% ( )
" (f s Cn +y [n]pnﬂn
+ M [1
lpn qn(x)
k —-k)(n—k—- k(k—
BUAR ”"""WZ R P Wl =50, 1)”[”] X+ M52 (x)
thty n+1pnq " " klp.an n

_ [ ]pnqn ]/ a _[n+1]ann aj n n a.
_M(Cn+)/) ([”]pn,qn) +M|1 —+y| w? (G579 x)+M52(x)

Using the Holder’s inequality for p = E and g = E’ we get
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I lepnrqn)v)’(f.x) _ f(x) ”CB

< m(ontnye( Y V+Mu—miﬂﬁﬂwp”%( ;) (L™ (1;20)'

Cn t+y [n]pn,qn ntV t+1
+M52 )
n+1 n x i
B P LR S, L S P8
cnty’ lpq, Ch TV n+1], 4, 1+x

which completes the proof. O

5. Construction of the Bivariate Operators

In what follows we construct the bivariate extension of the operators defined in (1.3). We
will introduce the statistical convergence and investigate the statistical rate of convergence
of these operators.

Let R = [0,00) X [0,00), f:RZ = R and 0 < p,,, qn,; Pn,» qn, < 1. Then we define the
bivariate companion of the operators (1.3) as follows:

Ly, (5 Py Gy Py Gngs X Y)

nq ny -k -k
Pn,qn,Pn,qn, z < pnl T+ 1[k1]pn1,qn1 pnz ‘+ 1[k2]pn2in2
[

= Pnqy.4n Pny.dn
L, Xy, 2k1=0 oy [ —kq +1] -k, +1]

ky? [n 2
Pnq.dnq qn]_ 2 Pny.qn, qnz

(n1—ki)(n1-k1-1) (M- kz)(nz kp—1) k1(k1 1) kz(kz 1) ny

2 na Ky ks
(Pn, P, o, 2 G, 2 ) [kl]pnqunl ["Z]pnzqnz xkiy
(5.1)

where
n,—1
pn 'qn
L, "= | | (Pn, + an, %)
<=

and
Pny.4dn nz-1
lnz ’ : = (p';?lz + qflzy)'
l IS—

Let K = [0, ) X [0, ), and §;, 5, > 0. The modulus of continuity for the bivariate case
is defined as

w2(9; 61, 82) = sup{|g(uy, v1) — g(uz, v2): (ug, v1), (U2, v;) €K
and |uq, uz| < 84, |vq, v2| < 8,3, where, foreach g € H,,,; w,(g; 6;,8,) satisfies

— <
19 (u,v1) g(g(uZ’UZ)l‘w2<gl+u1 1+u2| |1+v1 1+v2|)

For detailed study of modulus of continuity for the bivariate analogue one is referred to [2].
The first Korovkin type theorem for the statistical approximation for the bivariate analogue
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of linear positive operators defined in the space H,,, was obtained by Erkus and Duman [6]
which is stated below.

Theorem 5.1 Let {L,} be a sequence of positive linear operators from H,,, into Cg(K).
Then, foreach g € H,,,,

st —lim[|L,(g) — gll =0
holds if the following is satisfied
st=1im [|Ln(g;) - gjl| = 0, forj=0123,
where

W) =0, g1Wv)=——0 G2 v)=—— gou1)=(—)?+ (—)?
Golh, V) =1, g1{lh 14U g2t 1+ g3 v) = 14+u 1+v 7

To study the statistical convergence of the bivariate operators, the following lemma is
essential.

Lemma 5.2 For the bivariate operators defined by (5.1) the followings are obtained:

1 Lnl,nz (fos Pny»qnys Pnyr Gnys X, y) = Pn,qn,Pn,qn,,

[nl]pnlrin X
(2) Lnl,nz (fis Pnyr9nys Pnyr Gnys X, y) = Pn,qn,Pn,qn, [, + 1] 1+
pnlrin
[nZ]pnernz y

3) Lnl,nz (f2; Pny»9nys Pnyr Gny X, y) = Pn,qn,Pn,qn, [, + 1] 1+ y.
pnernz

(4 Ly, 35 Prys Gy Py g 15 9)

[nl]pnl'in [nl - 1]Pn1,qn1 X
(4 105,00, A+ 000, + G0, %)

[nl]pnl’ an, X [nZ]pHZ’qnz [le B 1]pn2'qn2

+ 3 43
T Ty am 1T Pnyqn, P, n, (2 + 15, a0
2

x [nZ]pn 'qn y
X + 22 :
A+ 0Py + ) eI [y ) T4y

2

= P, d,Pn,n,

+Dn,qn,Pn,qn, [

Proof. Exploiting the proofs for the bivariate operators in [7], the above are easily
established. So, we skip the proof.
Now let the sequences

p=@n) P=n,) 49=n) 9= qn,)
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be statistically convergent to unity but not convergent in usual sense, so we can write them
for 0 <pp,,qn, Pn, qn, <1 as
st — l}lr1npn1 =st— l}fflqm = st — ILTP"Z = st — 1llr2nqn2 =1. (5.2)

Making use of the proof of Theorem 2.2 and conditions (5.2), we establish the statistical
convergence of the bivariate operators introduced above.

Theorem 5.3 Let p = (pp,), P = (Pn,), 4 = (qn,) and q = (qy,) be the sequences
subject to conditions (2.1) and let L, ,, be the sequence of linear positive operators from
Hg, (R2) into Cz(R). Then for each g € H,,,

st — lim ||Ln1,n2(g) —gll =0.
nqyn;

Proof. With the aid of the Lemma 5.2, a proof similar to the proof of the Theorem 2.2 can
be easily obtained. So, it will be omitted.

Rates of convergence of the bivariate operators

Forany g € H,, (R3), the modulus of continuity of the blvarlate analogue is defined as;

J6 18 - ) ) _—
@(g; 61,6;) = xf;lfo{lg(xl y1) — 9(x2,¥2): I1+x 1+le
| Y1

1+y, 1 +y | < &2, (%1, ¥1), (¥1,¥1) € Hy, (R3)},

where 6;, 8, > 0. For details of this sort of modulus, one is referred to [2].

Two chief properties of @(g; 8;,6,) are the following
(2) 19 (21, ¥1) — g(x2, ¥2)|

X1 X | Vi 2
14+x; 14+x, 1+1+y1 1+y,

< ~ .
<w(g;61,6)| 1+ 5, 5,

The next theorem studies the rate of statistical convergence of the bivariate operators
defined in (5.1) through the modulus of continuity in H,, (R )-

Theorem 5.4 Let p = (pn,), P = (Pn,), 4 = (4n,),q = (qn,) be the four sequences
obeying conditions of (5.2). Then we have

|Ln1,n2 (f; pnl’ pnz; qnl’ an; ‘x’ y) - f(‘x’ y)l S 4p7211p72l2 q%l q?lzw(f; 87’11 (‘x)’ 6712 (x))’
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where
5, (x) = x? (02 g2 1+x) [nl]pnl,qn1 [n1 — 1]pn1,qn1 B [nl]pnl,qn1 +1)

™ (A+x)2 ™M Mp, 4+ x [nf + 113, an, [+ 1p, a0,

4 x [nl]pnl,qn1
1+x[ng + 1]pn1,qn1’

5 (y) — yZ (pz C[z (1 + }’) [nZ]an'qnz [nz - 1]pn2:‘In2 9 [nZ]an'an

"2 (L+)2" "™ py, + 4,y [3+115, 4., [n2 + 11p,,, 4,

[n2]p,,,
+1)+1y ?””
+y[n, + ]pnz,qn2

Proof. Using the property of the modulus above, we have
|Ln1,n2 (f; PnyrPnys Anyr Anys X y) — f(x )l

< w(f; 6y, 6n,){Lny n, o Py Py Gngr Gnys X0 V)
t X
+ 6_nan1,nZ ( 1+t 1+x l; PnyrPnys Angr Gnys X, Y)}{Lnl,nz (fos PnyrPnys Angr Gnys X y)
1 s y
+ al‘nl,nz { T+s 14y |; Py Prgs Gnyr Gnys X V) 3

2

Appling the Cauchy-Schwarz inequality, we get

t X
rams (177 ™ T PP i i 9) 1
X =
< (Lnl,nz (G—- )z;pnl'pnz;in'an;x' y))2

1+t 14«x )
X (Lnl,nz (fO; pnl’ pnz; qnl’ qnz; X, y)i'
On substituting this in the above inequality, we get the proof of the theorem.

In the ensuing we shall study the statistical convergence of the bivariate operators using
Lipschitz type maximal functions. The Lipschitz type maximal function space on E X E
R, x R, is defined by

Wal,az,Ez ={fisup(1+)"(1+ S)azfal,az xy)

1 1
) 2
SM(I"‘X)al(l +y)a2;x,y20,(t,s) eFE }

(5.3)

where f is a bounded and continuous function on R,, M is a positive constant and 0 <
aj,a; <1 and fy o (x,y) is defined below:

Fon () = sup LD =T

tsz0 |t — x|%]s — y|%2’
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Theorem 5.5 Let p = (pn,), P = (Pn,), 9= (qn,), q = (qn,) be the four sequences
satisfying conditions of (5.2). Then we have
|Ln1,n2 (s Pn s Pnys Anyr Anys X ) —f(x y)l
< Mpnlpnz n, An, {6n, (X) 2 7 Snz (y) 7 (Pn,Pn, n, qn,)
+6,, ()2 3 dy,E)% +6,,(»)2 3 d(x, E)*12d(x, E)*1d(y, E)“2},
where 0 < a;,a, < 1 and &, (x),6 2(y) are defined as in Theorem 3.1 and d(x,E) =
inf{|x —y|:y € E}.

Proof. For x,y > 0 and (x1,y1) € E X E, we can write

1f(&s) = fOo| < 1f (&) = flen, yO)l + 1f (e, y1) = 0PI

Applying the operator L, », to both sides of the above inequality and making use of (2.1),
we have
|Ln,n, (s PnysPnys Anyr Anys X ) = fyl
= Lnl,nz(lf(t' s) = fxnLy)l; Pnyr Py Angr Gnys X y)
Hfxy1) = F6Y) | Ln i, (fo;pnl'pnerInl Iny: X%, Y)

< MLy (| e = 22 o) 22 1 Dy, P s G 1Y)

T MY 4y, 14xy 1+x, 1+y Ttyr g2 Ay Ay

M X X1 a Y N a, ) . )

+ |1+x_1+x1| |1+y_1+y1| nl,nz(fo’pnl’pnz’qnl’qnz’x’y)'
Now for 0 < p <1, using (a + b)? < aP + b4, one writes

| Y X |1 < | Y X @1 4 | X X |

1+y, 1+x 1+y, 1+x 1+x 1+x
and

| : 4! |22 < | X2 _L|a2+|L_L|azl

14+ x, 1+y1 14+x, 14y 1+y 1+y;

Using these inequalities in the above, we get
|Ln1,n2 (f; pnl’ pnz; qnl’ qnz; X, y) - f(x’ y)l
X2 y
1] - |*2

<L -
”1'”2(|1+y2 1+x "1+x, 14y
y V1

2
;pnl'pnz;inanz;ny)-l_|m_1+y1| 2 nl,n2(|1+y2

) 1% |a1;xpn1'pn2;z/n1'an;xry)
1 2 1
|a1Ln1,n2(| 1 + xz - 1 + yl

1+x 1+x

+| |25 Dnys Prys Gnyr Gngs %, V)
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+ S |%1 X | A |%2 L, my (fO Prys Py’ Gy Gy %0 Y)-
1+x 1+x 1+y 1+ 2 a2
. i 1y s . 2 2 2 2
Using the Holder’ inequality for p; = — P2= Gi= 5 Q2= 5 We get
1 2 —41 —u2
o] 2 - 2

s Pryr Py Gny Angs %0 Y)
X2
1+x,

Y2
L — —
"1'n2(|1+y2 1+x' "1+4+x, 14y

V2 X
= Lnl,nz(l 1+y, 1 T x |a1;pn1'pn2; n,»qn,; X, Y)Lnl,nz(l

y
— —— %% Pn,» Pry Gnyp Anyi X Y)

1+y
V2
< (Lnl,nz(ry2
x 2 2 2-ay Xy
1+ x) »Pnyr Pnys Anys qnz;x'Y) 2 (Lnl,nz(f; Pny»Pnys Any» QnZ;er)) 2 (Lnl,nz(l T X
y 2 & 2—0!2
-—) y Py Py Gngr Gnys %o y)2 (Lnl,nz (fo;pnl:pnz; An, qn, X, y) 2 .

This consequently gives the desired result. O

Remark 5.6 For E = [0, ), we see that d(x,E) = 0 and d(y,E) = 0, so that we have
|Ln1,y2(f; PnyrPnys Anyr Anys X y) — f(x )l

4_a1+a2 ﬂ ﬂ
S M(Pn,Pnydn,qn,) 2 6p,(x)28,,(¥) 2.

Remark 5.7 By means of (2.1), it can be easily seen that st —lim 6, =0 and st —

nq

limé,,, = 0. So, we can estimate the order of statistical approximation of our bivariate
ny

operators by means of Lipschitz type maximal functions using this result.

Also, as
2n, 2n4
b1 44
SUpdy, ST
XEO [nl + ]pnlzqnl
and

1
P?1Q?1(n1+1)3(m+---+ +1pytay?

1 11 Ny Ny
So, for 0 < pp,,qn, < 1, we get

2ny 2n, 1

P q4
[nf+115, 40, [0 +11%
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In a similar fashion we can obtain it for §,,(y). So we have the following concluding
remark.

Remark 5.8

(1) 6,, and &, approach to zero in statistical sense however they may not tend to zero in
usual sense.

(2) Inour case &, and &,, approach to zero faster than that of classical BBH operators.

References
[1] F. Altomare and M. Campiti, Korovkin type approximation theory and its applications, de
Gruyter Stud. Math. 17, Berlin, 1994,

[2] G. A. Anastassiou and S. G. Gal, Approximation theory : Modulii of continuity and global
smoothness preservation, Birkhauser, Boston, 2000.

[3] A. Aral and O. Dogru, Bleimann Butzer and Hahn operators based on g-integers, J. Inequal.
Appl., (2007) 1-12. Art. ID 79410.

[4] G. Bleimann, P. L. Butzer and Hahn, A Bernstein-type operator approximating continuous
functions on the semi-axis, Indag. Math., 42(1980) 255-22.

[5] O. Dogru, "On Bleimann, Butzer and Hahn type generalization of Balzs operators”, Stud. Univ.
Babe-Bolyai. Math., 47(4) (2002) 37-45.

[6] E.Erkusand O. Duman, A-statistical extension of the Korovkin type approximation theorem,
Proc. Indian Acad. Sci. Math. Sci. 115(4) (2003) 499-507.

[7] S. Ersan, Approximation properties of bivariate generalization of Bleimann, Butzer and Hahn
operators based on the g-integers, in : Proc. of the 12th WSEAS int. Conference on Applied
Mathematics, Cairo, Egypt, 2007, pp. 122-127.

[8] H. Fast, Sur la convergence statistique, Collog. Math. 2(1951) 241-244.

[9] A. D. Gadjiev and Cakar, On uniform approximation by Bleimann, Butzer and Hahn operators
on all positive semi-axis, Trans. Acad. Sci Azerb. Ser. Phys. Tech. Math. Sci., 19 (1999) 21-26.

[10] M. N. Hounkonnou, J. Desire and B. Kyemba, R(p,q)-calculus: diffrentiation and integration,
SUT Jour. Math., 49(2) (2013) 145-167.

[11] P.P. Korovkin, On convergence of linear positive operators in the space of continuous
functions, Doklady Akademii Nauk, 90 (1953), pp. 961-964.

[12] P.P. Korovkin, Linear operators and approximation theory, Hindustan Publishing
Corporation, Delhi, 1960.

[13] B. Lenze, Bernstein-Baskakov-Kantorovich operators and Lipschitz-type maximal functions,
in: Collog. Math. Soc. Janos Bolyai, 58, Approx. Th., (1990) 469-496.

[14] A. Lupa, A g-analogue of the Bernstein operators, University of Cluj-Napoca, Seminar on
Numerical and Statistical Calculus, 9 (1987) 85-92.

JMIINTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vor.10,2019
COPYRIGHT© DEPARTMENT OF MATHEMATICS, JAMIA MILLIA ISLAMIA, NEW DELHI, INDIA



Tagseer Khan 47

[15] M. Mursaleen, Md. Nasiruzzaman, Asif Khan and Khursheed Ansari, Some approximation
results on Bleimann-Butzer-Hahn operators defined by (p,q)-integers, Filomat 30:3(2016), 639-648.

[16] M. Mursaleen, K. J. Ansari and A. Khan, On (p,q)-analogue of Bernstein operators, Appl.
Math. Comput., 266(2015), 874-882.

[17] M. Mursaleen, K. J. Ansari and A. Khan, Some approximation results by (p,q)-analogue of
Bernstein-Stancu operators, Appl. Math. Comput., 264(2015), 392-402.

[18] I. Niven, H. S. Zuckerman and H. Montgomery, An introduction to the theory of numbers, 5th
edition, Wiley, New York, 1991.

[19] G. M Phillips, Bernstein polynomials based on the g-integers, The heritage of P.L.Chebyshev:
Ann. Number. Math. 4(1997) 511-518.

[20] V. Sahai and S. Yadav, Representations of two parameter quantum algebras and p,q-special
functions, J. Math. Anal. Appl. 335 (2007) 268-279.

[21] D. D. Stancu, Approximation of function by a new class of linear polynomial operators, Rev.
Roumaine Math. Pures Appl., 13 (1968) 1173-1194.

[22] K. Victor and C. Pokman, Quantum Calculus, Springer-Verlag, New York Berlin Heidelberg,
2002.

JMIINTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vor.10,2019
COPYRIGHT© DEPARTMENT OF MATHEMATICS, JAMIA MILLIA ISLAMIA, NEW DELHI, INDIA



JMIINTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES
ISSN:0976-5913
VoL.10,2019,48-56

A Study on Lateral Bases and Covered Lateral Ideals of po-bi
Ternary I'-Semigroups

Ahmad Raza, M. Yahya Abbasi and Akbar Ali
Department of Mathematics, Jamia Millia Islamia, New Delhi-110 025, India
E-mail: arhanraza@gmail.com, mabbasi@jmi.ac.in, akbarali.math@gmail.com
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lateral base and covered lateral ideal of a po-bi ternary T' semigroup.
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1. Introduction and Preliminaries

Kasner [6] introduced the concept of n-ary algebras. In particular, n-ary semigroups are
known as ternary semigroups for n=3 with one associative operation [7]. Ideal theory in
ternary semigroup was studied by Sioson [8]. Quasi ideals and bi-ideals in ternary semigroups
were studied by Dixit and Dewan [2].

Tamura [10] introduced the notion of (right) left base of semigroup. Later, Fabrici [3] gave
the notion of one-sided bases of semigroups. Summaprad and Changphas [9] defined the
relationship between right bases and maximal right ideals.

Fabrici [4] discussed some other properties and the mutual relation between covered ideals
and bases of semigroups. The concept of one-sided bases of a ternary semigroup was given
by Thongkam and Changphas [11]. lampan [5] characterized the minimality and maximality
of ordered laterals ideals in ternary semigroups. Akbar et al. [1] introduced po-bi ternary I'-
semigroup and studied the relationship between minimal generalized T'-ideals and simple po-
bi ternary T'-semigroups.

To start with we need the following.

Definition 1.1 [1] Aset T (+ ¢) is called a po-bi ternary I" — semigroup if it satisfies the
following conditions:

(1). For any xq,x,x3,x4,%5s €T and yy,v¥2,¥3, ¥4 € I' we have

[[x1V1X2V2X3]Y3XaVaXs] = [X1V1[X2V2X3V3X4]VaXs] = [X1V1X2V2[X3V3X4VaXs]], and
(2). 3 a po-hi relation < so that

a < b = ay1xy,y < by1xy2y, xy1ay2y < xy1by,y and xy1yy,a < xy,yy,b
forany a,b,x,y € T and y,y, €T.
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0 O
0 b O
0 0

a

Example 1.1 Let T= :a,b,c € N,y ¢. Here Ny, is the set of all non-negative

integers and I' be a non empty set such that aybyc = abc for all y €I’ and a,b,c €
T.Then, under the regular multiplication of numbers with po-bi relation <y is "less than or

equal to" T is a po-bi ternary I' semigroup.

We now define po-bi relation < on T, forany A, B €T
A <r B ifandonlyif a;; <y, b;;, forall i and ;.

Then it is simple to verify that T is an po-bi ternary I' — semigroup under usual
multiplication of matrices over N, with po-bi relation <r.

For H € T we denote (H] the subset of T defined by
(H] = {s €T|s < h,forsome h € H}

Theorem 1.1 [1] Let T be a po-bi ternary I' — semigroup, then the following conditions
hold

(1) A € (A], forall ACT.

(2) If A< BcS,then (A] S (A]J.

(3) ((A]] = (A],forall A S T.

(4) (AT(BIT(C] € (ATl'BrE), forall A, B, C S T.

Definition 1.2 [1] If T is a po-bi ternary I' — semigroup and S is a ternary I' —
subsemigroup of T, then S is a po-bi ternary sub I' — semigroup of T if (S] € S.

Definition 1.3 [1] If T is a po-bi ternary I' — semigroup and M be a non-empty subset of
T then M is called a po-bi lateral ideal of T if TTMI'T € M and (M] € M.

Definition 1.4 A po-bi ternary I — semigroup T is called lateral simple if it has no proper
lateral ideals.

Definition 1.5 A po-bi lateral ideal M of T is called a minimal po-bi lateral I' — ideal of T
if it does not contain any lateral I" — ideal of T.

Definition 1.6 A proper po-bi lateral ideal M of a po-bi ternary I' — semigroup T is called
a maximal po-bi lateral ideal of T if for any po-bi lateral ideal A4 of T such that M c A,
then A = T. Analogously, if for any proper po-bi lateral ideal <A of T such that M € A,
then A = M.
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Lemma 1.1 For any subset A(# ¢) of T, (TITTAI'TIT U TTAI'T U A]J is the
smallest lateral ideal of T containing A.

Also, forany a € T, M(a) = (TTTTal'TTT U TTal'T U a].
Let T be a po-biternary I' — semigroup and a, b (# 0) be any elements of T. Then the
equivalence relation on M is defined by:

a M b if a and b generate the same principal lateral ideal of T.
M-class containing a is denoted by M.

Now let a, b (# 0) be any elements of T, then we define a quasi-ordering < on the set of
all equivalence classes as:

M, = M, ifand only if M'(a) S M (b),

where M'(a) and M (b) are the principal lateral ideals of T generated by a and b
respectively.

2. Lateral Bases of po-bi Ternary T' — Semigroups

Definition 2.1 Let T be a po-bi ternary I' — semigroup. A subset A of T is called a
lateral base of T if,

(1) (AUTTAIT UTITTALTIT] = T, and

(2) (BUTTBIT UTTTIBITIT] #+ T, for any proper subset B of A.

0 0
b
0

QU O Q

Example 2.1 Let T= :a,b,c,d € Ny p and I' (# ¢) be a set such that

c
0
aybyc = abc forall y €I and a,b,c € T. Then T is a po-bi ternary I' — semigroup
under the same operation as defined in the Example 1.1.

0 1 0
Now consider a set M’ = (1) 8 8 . Then we can easily verify that M is lateral

baseof T as (M UTTMTIT U TTTTMTITIT] = T.

Lemma 2.1 |If two elements a, b belongs to lateral base A of a po-bi ternary I' —
semigroup T suchthat a € (TI'bI'TUTITIbI'bI'TIT], then a = b .

Proof. Let <A be a lateral base of T and a, b € A such that a € (TTbhI'TU
TTTTBI'TIT]. Suppose a # b. Take a proper subset B of A as B = A \ {a}. Then, b
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belongs to B. Now a € (TTbI'T U TTTTBITIT], it implies
M(a) € (TTbI'T UTITThITIT]

c M(b)

c M(B).

Hence M'(4) € M (B). Thus, we get M'(B) = T, which is contradiction because A be a

lateral base of T. Therefore a = b.

Lemma 2.2 Let A be a subset of a po-bi ternary I' — semigroup T. Then A is a lateral
base of T iff the following conditions hold:

(Yforany t € T, 3 a in A suchthat M; < My;

(ii) If a;, a; € A suchthat a; # a,, then neither M, =< M,, nor M,, < Mg,

Proof. Suppose A is a lateral base of T and Let t € T. Then obviously (A U TTAI'T U
TTTTAITIT] =T and t € (AUTTAIT UTTTTAITIT],s0t € (A] ort €
(TTAIT] or t € (TTTTATTIT]. If t € (A], then t < a, forsome a € A, it follows
M, < M, If t € (TTAIT], then t < tyy,a'y,t, forsome t,t, € T ,y1,7, € T and
a € A,wehave My < M. If t € (TTTATTIT], then t < tzyatyyaa’ystsyets for
some t3, ty, ts,tg €T ¥3,Va Vs Ve € I and a” € A, we obtain M, < M .. Hence the
result (i) is proved. Now suppose a; < a, i.e. My, = M,,, M(a,) € M(ay). If a; #
a,, then a; € (TTa,I'T U TTTTa,I'TT'T]. So, by Lemma 2.1, a; = a,. Thus for a; #
a, My, ¥ M,,. Analogously, we can prove Mg, % M, .

Conversely assuming that conditions (i) and (ii) holds. From (i), M'(A) = T. To show that
A is lateral base of T, it is sufficient to show that 3 no proper subsets B of A s.t.M(B)
= T ,where B isa proper subset of A. Let a; € A \ B, then 3 a, € B suchthat a; €
(az UTTa,I'T U TTTTa,I'TIT]. Hence M (a,) € M (ay), i.e. M, = Mg, whichisa
contradiction to the assumption (2). Therefore A is a lateral base of T.

Theorem 2.1 Let a po-bi ternary I' — semigroup T contains a lateral ideal. Then M is a
maximal lateral ideal of T iff T \ M is a maximal M-class.

Proof. Suppose M is a maximal lateral ideal of T. Let t;, t, E T\ M.ASM € M U
M(ty) € T, it implies M U M(t;) = T. thus t, € M (t;). Similarly, t; € M(¢t;).
Therefore M (t;) = M (t;). This shows that T \ M is in M-class. Now for T \ M <
M, for some t € T,then 3 s € T suchthat T \ M < M(s) M, which is a
contradiction. Hence T \ M is a maximal M-class.

Conversely assume that T \ M is a maximal M-class such that T \ M = M, for some t
€ T. We need to show that M is maximal lateral ideal of T. Firstly, we show that M is a
lateral ideal of T. i.e. TTMTT U TTTTMTTIT <€ M and (M] = M. On contrary
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suppose that M is not a lateral ideal of T. Then, 3 m € TTMTT U TTTTMTTTT such
that m ¢ M. It implies m € T \ M = M, then we have M (m) = M(t). As m €
TTMTT U TTTTMTTIT, there exists tq, ty,..., tg € T Y1, Y2,-» Y6 € [ and my, m,
€ M such that m = tyy;myy,t, OF m = tgystaVaM,YstsYets. Thus, we have M; <
Mo, OF My < My,,. Therefore, M; < M, which is a countering to the assumption that
T \ M is a maximal M-class. It implies TTMTT U TTTTMTTIT < M. Now, let m €
M and s e Tsoass < m. Suppose s € T \ M = M;. Then s < m, threfore M; <
M,,. This is a contradiction. Thus, we get s € M. Consequently, M is a lateral ideal of T.
Let M’ be a proper lateral ideal of T so that is properly contained in M'. Then 3 a €
T \ M'. Thus, M,y = M,. Also there exists m' € M' \ M so that M,y = M. It
follows that a € M, = M, = M,y S M , which is also not possible. Hence M is a
maximal lateral ideal of T.

3. Covered Lateral Ideals of po-bi Ternary T — Semigroups
Definition 3.1 A proper lateral ideal £ of T is known as a covered lateral ideal of (CLt.
ideal) if £ ¢ (TI'(T — L)I'T U TI'TI(T — L)I'TI'T].

Remark 3.1 By definition of CLt.-ideal, po-bi Ternary I — ternary semigroup itself is not a
CLt.-ideal.

a 0 O
Example3.1Let T = Z ¢ ](2 :a,b,c,d,e, f € Ny p excluding null matrix, with

po-bi relation <, is "less than or equal to" and I" be a non empty set such that aybyc =

abc forall y e I' and a,b,c € T. Then T is a po-bi ternary I semigroup under the same
operation as defined in the Example 1.1.

0 0 O
Consider £ = 2 8 g :b € N ;. Then it easy to verify that £ is lateral ideal of T
a 0 O
_ b ¢ 0|,
and T — L = 0 d e ta,b,c,d,e € Ny ;.
0 0 O a 0 O
_J{0o 0 0 }|. b ¢ 0} _
Now L = b 0 0 :hbeEN; C d e f ta,b,c,d,e,f €E Ny =

(TT(T — LO)TT U TTTT(T — L)T'TTT]. Therefore L is a CLt.-ideal of T.

JMIINTERNATIONAL JOURNAL OF MATHEMATICAL SCIENCES Vor.10,2019
COPYRIGHT© DEPARTMENT OF MATHEMATICS, JAMIA MILLIA ISLAMIA, NEW DELHI, INDIA



Ahmad Raza et al. 53

Lemma 3.1 If a po-bi ternary I' — semigroup T have two different lateral ideals £, and
L, suchthat £; U £, = T, then none of the lateral ideals £, £, is a CLt. -ideal.

Proof. Let £; and £, be two lateral ideals a po-bi ternary T' — semigroup T such that £,
UL, =T,itimpliesT - L; € L, and T - £, c L;. Suppose that £, is a covered
lateral ideal of T, then £, < (TT(T — L,)I'T U TTTT(T — L,)T'TTT] which implies £,
c (TT(T — L)IT U TTTI(T — L,)TTIT] © (TL,IT U TTTL,TTIT] © (TL,IT U
TLTT] € L,. Similarly, we can show that £; < £L,. Therefore £; = £,. But £; and £,
are different, which is a contradiction. As a result, none of £; or £, isa CLt. -ideal.

Corollary 3.1 If a po-bi ternary I — semigroup T contains more than one maximal lateral
ideal, then none of the maximal lateral ideal is a CLt.-ideal.

Proof. Assume that T have two maximal lateral ideals M; and M. Since the union of
any two lateral ideals is a lateral ideal. So as M; U M, is a lateral ideal of T and M; c
M; U M, and M is a maximal lateral ideal of T. Therefore M; U M, = T. Hence by
Lemma 3.1, neither M; nor M, isa CLt.-ideal of T

Lemma 3.2 If L isalateral ideal of T sucthat £ ¢ (TT'tI'T U TITI'tI'TI'T] and £ #
(TrerT v TrTrerTrr] forsome t € T. Consequently, £ isa CLt. ideal of T.

Proof. Assume that £ is a lateral ideal of T suchthat £ ¢ (TTtI'T U TTTTtI'TI'T] and
L # (TTtI'T U TTTTtI'TIT] forsome t € T. Then t ¢ L, else (TTtI'T U TTTTtITIT]
C (TTLIT U TTTTLITIT] € L , therefore £ # (TTtI'T U TTTTtITIT]. Thus £ ©
(TTtI'T U TTTTtITIT] < (TT(T — L)IT U TTTT(T — L)I'TTT]. Hence £ is a CLt.
ideal of T.

Corollary 3.2 A po-bi ternary I — semigroup of T in which t does not belongs to
(TTtI'T VU TITrtrTrT] has a CLt.-ideal.

Proof. Let £ = (TTtI'T U TTTTtI'TIT]. Indeed £ is a lateral ideal of T. If t ¢ L, we get
L = (TTtI'T U TTTTtITIT] © (TT(T — £L)I'T U TTTT(T — L)ITTT]. It means £ isa
CLt.-ideal of T.

Lemma 3.3 If £, and £, are two covered lateral ideal of a po-bi ternary I' — semigroup
T.Then £L; U L, isaCLt.-ideal of T.

Proof. To prove £; U L, isa CLt.-ideal of T. We need to show that £; U £, c (TT[T —
(L U L)]TT U TTTT[T — (£, U L,)]TTTT]. As CLt.-ideal is £, i.e. £; c (TT(T —
LNOIT U TTTT(T — £L,)TTTT], which implies for any m € L,, there exists m,,m, €

T — L, suchthat m € (TTm;I'T U TTTT'm,I'TT'T]. Now we have following four cases:
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Case 1: If my,m, € T — L, — L,. Then m € (TT(T — £, — £,)TT U TTTT(T — £, —
L)TTTT] € (TT[T — (L1 U L,)]TT U TTTT[T — (£, U £,)]TTTT].

Case 2: If my,m, € (T—Ly)NL,. It implies my,m, € L, c (TT(T —L,)IT U
TTTT(T — L,)ITTT]. Then there exists ms, my, ms,mg € T — L, S.t. my € (TTm3I'T U
TTTTm,ITTT] and m, € (TTmgI'T U TTTI'mgI'TIT]. Here mg, my € L, oOtherwise
my € (TTm3I'T U TTTI'm,I'TIT] € (TLIT U TTTL,ITIT] < L. Therefore m; €
L4, which is contradiction as m; € T — £L;. Thus, we have m3,m, € T — L;. Therefore
mymy, €ET—L, NT—L, =T—(L; U Ly). Similarly, mg,mg € T—(£L; U L,).
Now

m (TTm, T U TTTTm,T'TTT]

(TT(TTmsTT U TTTTm,TTT]TT U TTTT(TTmsI'T U TTTTm [ TTT]TTTT]
((T]T(TTmsIT U TTTTm,ITTTIT(T] U (T]T(T]T(TTmsI'T U TTTTmCTTT]T(T]T(T]]
((TT(TTmsIT U TTTTm,I'TTT)IT U TTTT(TTmsI'T U TTTTmg I TTT)ITTT]]
(TT(TTmsTT U TTTTm,TTTT)IT U TTTT(TTmsI'T U TTTTm [ TTT)ITTT]
(TTTTm,TTTT U TTm,I'T U TTmsI'T U TTTTm['TTT]

(TT[T = (£, U L,)]TT U TTTT[T — (£, U £,)]TTTT].

hNnNinnm

n N

Case 3: If my e T—L, —L, and my, € (T — L) N L,. It implies my € T — (L, U Ly).
From case 2, my, € T—(£L; U L,). Therefore m € (TTmI'T U TITI'm,I'TTT] c
(TT[T — (£, U L,)]TT U TTTT[T — (£, U £,)]TTTT].

Case4:If my e T—L; — L, and my € (T — L;) N L,. This is then the same case 3.
Consequently, in all these cases m € (TT[T — (L, VUL)ITTUTITI[T — (£, U
L)ITTTT]. Likewise, we can prove this for m € £,. Thus £; UL, < (TT[T — (£, VU
L)ITT UTTTT[T — (£, U L,)]TTTT] and hence £; U £, isa CLt.-ideal of T.

Lemma 3.4 If £, isa covered lateral ideal of a po-bi ternary I' — semigroup T and L, is
any lateral ideal of T. Then £; n L, isa CLt.-ideal of T, provided that £; N £, # @.

Proof. Suppose this £, is a covered lateral ideal and £, is a lateral ideal of T such that
Ly N Ly, #@.Then £L; € (TT(T — L)I'T U TTTT(T — L)TTTT]. It implies
LynL, c (TT(T—-L)HITUTITI(T — L)ITIT]
c (TT[T = (L1 N LY)ITT UTTTT[T — (L, N Ly)]TTTT].
Therefore, £L; N L, isa CLt.-ideal of T.

Lemma 3.5 If £; and £, are two covered lateral ideal of a po-bi ternary I" — semigroup
T.Then £; n £, isaCLt.-ideal of T, provided that £; N L, # @.

Proof. Proof is similar to the lemma 3.4.
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Definition 3.2 A proper lateral ideal £ is called the greatest lateral ideal of a po-bi ternary
I' — semigroup T if £ contains any proper lateral ideal of T, to be denoted by L*.

Theorem 3.1 If a po-bi ternary I' — semigroup T have only one maximal lateral ideal M
and M isa CLt.-ideal, then M = M*

Proof. Suppose that M is a maximal lateral of T and M is also a CLt.-ideal of T. Let M}
is a lateral ideal of T, if possible My, € M. As M; U M is a lateral ideal of T and that is
M c M; U M. It follows that M; U M = T. Then by Lemma 3.1, T cannot contains
any CLt.-ideals, which is contradiction. Thus M; € M. Therefore M = M'™*.

Theorem 3.2 If T is not a simple po-bi ternary I" — semigroup such that it does not contain
any two proper lateral ideals in which there is an empty intersection. Then, T contains at
least one CLt.-ideal.

Proof. Let M be a proper lateral ideal of T. Then, M; = (TT(T — M)IT U TTT(T —
M)HTTTT] is also a lateral ideal of T. By hypothesis M n M; # @. Thus M, = M N
M, is a lateral ideal of T and M, ¢ M, itimplies T — M, > T — M.

Now, M, ¢ M, = (TT(T — M)I'T U TTTT(T — M)ITIT] c (TT(T — M,)I'T U
TTTT(T — M )ITIT]. Itimplies that M, is a CLt. ideal of T.

Theorem 3.3 Let T be a po-bi ternary I' — semigroup containing maximal lateral ideals. If
the intersection of maximal lateral ideal is either empty or a covered lateral ideal, then T
contains a lateral base.

Proof. Let {M;:i € I} be the set of all maximal lateral ideals of T. By the Theorem 2.1,
foreach i € I, T — M; isamaximal M-class. Set T — M; = M, , foreach i € I.

Then Mine = Nier M = Nieg (T = M) =T — Uier Mo,
Construct C as, for every M., putinto C only one element in C. We prove that C is a
lateral base of T. Now we consider two cases:

Casel: Miyp = @.Then T = Uy Moy, If m € T, then m € M, forsome i € I and
s0 MT(m) = MT(m;). Then M, < My, . AS My, is amaximal M-class forall i € I,
it implies for different i, j € I, neither M, =< Mmj nor Mmj < My, By Lemma 2.2,
C is a lateral base of T.

Case2: If M, isacovered lateral ideal of T, i.e. M, S (TT(T — M )IT U
TTTT(T — M )TTIT]. If m € T — My, then m € U;e; My, andso m € Mmio for
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some iy € I. Now MT(m) = MT(m; ) € (CUTICIT UTTTTCITIT]. Thus, we have

m € (CUTTCIT UTTTTCITTT]. Itimplies T — M, S (C UTTCIT U TTTTCTTTT].
Also

M, (TT(T — M )TT U TTTT(T — M) TTT]

(TT(C U TTCTT U TTTTCTTITIIT U TTT(C U TTCTT U TTTCITTT])ITIT]

((T]T(C U TTCTT U TTTTCTTTTIT(T] U (T]T(T]T(C U TTETT U TTTTCTTTTT(TIT(T]]
((TT(C U TTCTT U TTTTETTTT)IT U TTT(CT U TTCTT U TTTCITTT)TTIT]]

(TT(C U TCTT U TTTCTTTT)IT U TTTT(C U TCTT U TTTCTTIT)ITTT]

€ (TTCIT UTITCITTIT].
It follows that T = M, U (T — M) S (CUTTCIT U TTTTEITTT].
This implies if m € T, then there exists m; € C such that M;,, < M, . Hence by

Lemma 2.2 C is a lateral base of T.

N N N in

n i
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Abstract

Load carrying capacity of an infinite isotropic elastic perfectly plastic plate has been investigated in
this paper when three unequal straight hairline cracks with unified yield zones weakens the plate.
Effect of quadratically varying mechanical loading on the yield zones have been studied. Well-known
complex variable method is applied to find the solution to the problem. Analytical expressions are
derived for stress intensity factors and applied stresses. These expressions are compared with the
existing solution of two equal straight cracks, which is to be considered as a limiting case of the
problem discussed in this paper.

Keywords: Dugdale model; Yield zone; Stress intensity factor; Multiple crack;
[2010] MSC: code 74R05, 74R10

1. Introduction

The presence of cracks is a threat to any structure due to its catastrophic nature. Structure
containing cracks may survive, but the strength of the structure will decrease [1] in the
presence of these cracks. Therefore, it must be important to study the behaviour of load
bearing capacity of structures having such defects. Moreover, it was pointed out by Gdoutos
[2] that occasionally the structures may fail at the stress level that is below the material yield
stress. Therefore, the present paper in an attempt to analyze the load-carrying capacity of an
isotropic infinite plate weakened by multiple cracks with unified yield zones under
quadratically varying mechanical stress distribution. The reason behind taking quadratically
varying stress distribution is to model mathematically such a situation where stress assumed
on the yield zones was below the material yield stress, as mention above.

There is a long history behind the calculation of load-carrying capacity of the structures when
crack or crack like defects exist. In his famous paper Dugdale [3] modelled development of
plastic zones at the crack tips under general yielding conditions. Since the model was
mathematically simple, therefore, various researchers used and modified the model for
different kinds of materials [4] and mechanical loading conditions [5], [6] and many others.
Dugdale model not been limited to a single crack problem but widely applied to study the
problem of multiple cracks. Theocaris [7] used Dugdale hypothesis to study two equal/
unequal symmetrically situated straight cracks under normal yielding conditions and supplies
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closed form expression for applied load ratio using complex variable method. Furthermore,
Bhargava et al. [8] studied two unequal asymmetric collinear straight cracks under parabolic
stress distribution for sperate yield zones and for coalesced yield zones in [9] using Dugdale
hypothesis. Strip yield model was discussed by Collins et al. [10] for two equal straight cracks
in an infinite plate and for unequal cracks by Nishimura [11]. Complex variable technique is
successfully used to find closed form solution for multiple site damage problem. Despite
complex variable method, some other approaches have been successfully applied to solve
problems of multiple cracks i.e. Zhou[12] used Fourier transform method to study two
collinear symmetrical cracks, Chang[13] used numerical technique to solve two collinear
cracks problem, multiple crack problem was solved by Wu[14] using weight function
approach and there are many examples.

Moreover, the situation is rather more critical when stresses applied at boundary of the plate
increase to an extent such that the yield zones between two neighbouring cracks get
coalesced. Feng et al. [15] have examined the formation of macroscopic cracks due
coalescence of two or more micro cracks. Coalescence of yield zones in collinear multiple
cracks have been studied in stiffened sheet by Nishimura [16]. Furthermore, the coalescence
conditions were analyzed in [17] when the adjoining plastic zones coalesced at the edge of a
semi-infinite sheet. Kotousov et al. [18] studied plastic collapse between collinear cracks
using distributed dislocation technique.

The prime focus of this paper is to retrace the applicability of the Dugdale model for
coalescence conditions of yield zones. Also, determine load-carrying capacity of the plate
containing three collinear straight cracks when existing yield zones at the internal tips of two
closely situated cracks get coalesced. Parabolic stress distribution is used for different crack
configuration in [19] and similar attempt has been made in [20] and [21] for linear stress
distribution.

Nomenclature

Ci(i=0,12) constants used in the problem

E Young’s modulus

F(6,k),E(0,k),11(8,a? k) elliptic integral of first, second and third kind
respectively

L;(i =1,2,3) cracks

B, (2) degree n polynomial

+aq,+by,cq,dq tips of the original cracks

+b, *a tips of the extended cracks

p(t), q(t) stress acting on the yield zones

z=x+1y complex variable
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r —%(N1 — Ny)e 2,
N; and N, are the principal stresses at infinity, a be
the angle between N; and the real-axis

pi(i=12,...,5) denotes yield zones
Q(2) = w'(2),?(2) = ¢'(2) complex potential functions
Y Poisson’s ratio
u shear modulus
K =37 for the plane-stress,
1+y

= 3 — 4y for the plane-strain
Oxx» Oyys Oxy stress components
O stresses acting at the boundary of the plate

2. Theoretical background of the problem

As per the mathematical formulation given by Muskhelishvili [22] the stress components
Oxx» Oyy, Oxy are defined in the form of two complex potential functions ®(z) and Q(z)
as

Oxx + 0yy = 2[®(2) + D(2)], 1)
Oyy — i0xy = ®(2) + Q(2) + (z — 2)P'(2), (2)

Equations (1) and (2) are transformed in the form of two Hilbert problems by assuming
lirr(l)ycb’(t + iy) = 0 for all t on straight cuts L;(i = 1,2,...,n). These two problems are
y—)

termed as

O (1) + Q7 (1) = gyy — iy, (3)
O~ (t) + Q¥ (1) = g5y — iogy, 4)
on Li'

n
i=1

Stress distributions a;—’y, 0,}—;, are prescribed on the rims of these straight cuts L;, where
superscript (-) and (+) denote the lower and upper rims of the cuts/ cracks. Hilbert problems
defined in equations (3) and (4) is then solved using methodology given by Muskhelishvili
[22]. The desired functions ®(z) and Q(z) be written as

Pn (Z) 1

D(z) = Dy(2) +m—§ ,

()
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0(z) = Qo(2) + I;’;((ZZ)) + %_' (6)
where
Uiz L Ut Li
fo(2) = zmx(z) J X+t(t—)i(t) ae - % f Z(Tt)dt ®)
Eati Uia b
PO =3 (o3 + 033) = 5 G + 050,40 o

p— p— l p— p—
2 (Oyy = Oyy) — 2 (Oxy — Oxy),

n
X(z) = 1_[ JZ =@z = by, Py(2) = Coz™ + Cyz" 1 +... +Cp. (10)

k=1

Loading conditions at the boundary of the plate and condition of single-valuedness of
displacement around the cracks enables to find the constants Cy, .., C,.

2(k+1) f ;((t)) dt + k f [DF(t) — dF(D)]dt + f [Qd () — Qg (8)]dt
L;

Li Li

(11)
= 0.

This theoretical background of the problem is totally extracted from Muskhelishvili [22] just
to produce the manuscript in a self-sufficient style.

3. Statement of the main problem

Assume that three unequal collinear straight cracks L;,L, and L; weaken an infinite
isotropic elastic perfectly plastic plate, among them L, and L5 are situated close to each
other. These cracks occupy intervals [—aq, —b¢],[b1,c1] and [dy, a;] respectively on the
real axis as shown in figure-1. Infinite boundary of the plate is subjected to stress distribution,
0w, In the normal direction to the crack rims. This causes the opening of cracks in mode-I
type deformation and formation of the yield zones at each crack tip. Yield zones developed
at two adjacent tips (say c; and d;) of closely situated cracks get coalesced when stresses
acting at the boundary the plate increases. These yield zones are indicated by p;, p,, p3, P4
and ps and occupy the intervals (—a, —a;), (—by,—b), (b, by),(c1,d;) and (a4, a) on the

real axis. These yield zones are subjected to quadratically varying stress dlstrlbutlon Oye
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(say o), where gy, denotes yielding stress of the plate and ¢ is any point of the rims of the
yield zones.

A A A A Oop A A A A
AN
N -
y
‘‘‘‘‘‘‘‘‘‘‘‘‘‘ 7
ar ’@ ™ TAARAAL | T _antia X
: T : H
e e
e —li— «—li— —p— €
T T
v v v v Yoo ¥ v v v

Figure-1: Pictorial representation of modified Dugdale model

4. Solution of the main problem
The above stated problem is solved by decomposing the main problem into two component
problems. First component problem is an applied case which is related to applied stress, oy,
acting at the boundary of the plate. Second component problem is related to closing case
when quadratically varying mechanical stresses is assume to be acted on the yield zones.
Hence, after superposing the solutions of the component problems, the solution of the original
problem will be obtained.
To illustrate the proposed method of solution, the first case related to remotely applied
stresses o, of the problem as shown in figure-2. The stated problem is subjected to
following boundary conditions

Oyy = 0w, 0xy = 0,when y — too, (12)

0yy = 0,04, = 0,when y - 0. (13)
Using the boundary conditions given in equations (12) and (13) and the methodology shown

in section-2, one can find complex potential function for two equal cracks problem or taken
directly from [10],

I 2 2,27 _ 9
Dppiiea(2) = P W [z%2 — a?1?] — - (14)
where A2 = % k% = a2a-2b2, and F(k),E (k) are the complete elliptic integral, defined by
Byrd [23].
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a a X

D1 -b 0| b b1

R1 R2

v v v v v v v v v

Figure-2: Opening case of equal-sized cracks

On the other hand, closing case of the problem is shown in figure-3. Consider, three unequal

straight cracks with coalesced yield zones weaken an infinite isotropic elastic perfectly plastic

plate. The distribution of stresses on the rims of the yield zones in the case in which yield
tZ

zones between two closely placed cracks L, and Ls is quadratic (; aye) in nature to arrest

the cracks from further opening. This subproblem will be discussed under the following
boundary conditions,

4
t2
Oyy = ?aye,axy =0, when y—>0,x€ T, (15)
n=1
Oyy = 0,04, =0, when —oo<x<oo,y—-0. (16)

Figure-3: Closing of three unequal straight cracks

Under the boundary conditions provided in the equations (15) and (16) the solution of the
problem is obtained using methodology given in Section-2. After a long mathematical
calculation one can find analytical expression for function ®(z) for the case of quadratic
stress distribution,
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0.
Pyieia(2) = gromyis (i + 20°K26 +27Hy + 2°(22% — a® — b)P
a*—z° 17
—F,2) s

— 222F,(2)\ a? — z2/z2 — b?).

+zH; +z3H, +

where
(az _ b2)2 (aZ _ b2)2 a2 _ b2
S(40) ————=P, H, = 5(20),
16
3

4 2
H; = % (1 = k*)[2F (8a,, k) — 2F (Bc,, k) + E(0q,, k) — E(Oc,, k)]

k2
+ > (sin264, ’1 — k%sin?0,, — sin26,, /1 — k2sin?6.)),

Hy = a(F(6c,, k) = F(84,, k) + E(Bc,, k) — E(84,, k),
S(n8) = sinnb), —sinnb, + 0.5sinnb,, — 0.5sinnb, —sinnb, ,
P =86, —6,+050; —0.50, —6,,

Fy(2) = 11(6,,, a® k) — F(0.,,k) — 11(84,,a? k) + F(64,,k),

tand tand tand
F,(z) = tanh™ (t—bl> — tanh™! (t b) + 0.5tanh™! <—dl>

H]_:

ané, ané, tané,
tanf tanf tan@
—0.5tanh™! [ —2 | + tanh™? ( a) —tanh™1 [ —2),
tané, tand, tand,
G =(0p,, k) = {(Op, k) + {(Ba,, k) — $(Oc,, k) + C (B0, k) — {(Bay, k) — 22(0(Op,, )
= 1(0p, k) +1(0a,, k) = 1(6c,, k) +1(0q, k) —1n(bq,, k))

3
00 = (= — 215 0 4 22K 20 + K ginag 4 ATFOSIN0? L
CG.=\3z733 12 ev T ogeSt 3k2 (6, 1)
3
0, k —(1 1)9+1 iz + LS00 Loy
10,0 =35z "5 12" 3k2 (6, k)

a? —t? a? — b?
——, 0t =——
aZ _ p2’ a2 _ 72

sin?0, =
5. Stress intensity factors
On superposing the solutions for two component problem given in equations (14) and (17)
the mode-1 type stress intensity factor may be obtained at crack tips z = +a, +b using
formula given by Collins [10],

KI =V anli_gl VZ— 24 (cbapplied (Z) + CDyield (Z)) (18)
1
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With the help of Dugdale hypothesis, that the stress remains finite in the vicinity of the crack,
four nonlinear mathematical equations are derived to calculate the yield zone length at cracks
tips t = +a, b as function load ratio. These equations are as follows

O
ma*(1 — 2%) <0—> + (Hy + a?H, + 2a*k?G + a?(a? — b*)P + aH; + a®H,) = 0,
ye a
O
ma*(1 — 1?) <0_> + (Hy + a®?H, + 2a*k?G + a?(a? — b*)P — aH; — a®H,) = 0,
O
na?(b? — a?2?) <—> + (Hy + b?H, + 2a*k?G + b%(b?> — a®)P + bH3 + b3H,) = 0,
ye/p

O
na?(b? — a?2?) (—) + (H; + b%?H, + 2a*k?G + b?(b? — a®)P — bH; — b3H,) = 0.
-b

O'ye
These equations enable to determine yield zone length numerically.

6. Verification of analytical expressions

Analytical expressions derived for remotely applied stress ratio given in equations (19) and
(20) at crack tips t =a and t = —a are same if d; = c; (because H; = 0,H, =0).
Furthermore, after putting d, = ¢; and b = b, = 0 in equations (19) and (20) the results
transferred to the expressions given by Harrop [5] for a crack of length 2a,.

7. Application: yield zone length

Length of yield zones |a —a;|, |b; —b| and coalesced vyield zone |d; —c;| are
determined numerically using equations (19) to (22) under the condition that o,, < gy, at
each crack tip. These numerical results are reported graphically in this section with respect
to influencing factors like crack length, yield zone length etc.

7.1 Comparison of yield zone length at cracks tips t = +a,+b

Figure-4 demonstrations the change in the ratio of :1_; when applied load ratio, ;L”
101 ye
increases to at the crack tip b and —b for increasing values of % = Zl—;zl. Value of %
1 1

denotes the location of the cracks L, and L,, when % = 0.1 the cracks are placed far away

from one another and when % = 0.9 then they placed close to one another.
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It has been noted from the figure that the length of yield zone p, is smaller than the length
of yield zone p; when % = 0.1. As the distance between cracks reduces the length of yield
zones at both the tips, t = b and t = —b, are same. Similar variation is plotted at the tips
t =—a and t = a of cracks, L; and Ls, in figure-5. Further, the length of yield zone ps is

smaller than the length of p, at % = 0.1 and same when % =0.9.

7.2 Comparative study of yield zone length with comparable configuration of two-equal

cracks
A comparative study has been carried to investigate the difference between the load-bearing

capacity of an infinite plate containing three unequal cracks with coalesced yield zones (as
shown in figure-1, say S;) and when the infinite plate weakened by two-equal cracks
(equivalent to configuration shown in figure-1, say S,) under same mechanical loading
conditions. These comparisons are shown in figures 6-9.

2
|
|

0.3

|

|

|

|
|
|
I
|

ni

Three cracks with coalesced yield zone
= === Two equal cracks

n n'.' n‘.'-: O n'.'x .-.'.4
Oye
. . I Ooo bi—b .
Figure-6: Variation of == to —— at crack tip b
Oye a;—by
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Variation between applied load ratio, =% and the ratio of al > atthe crack tip b is depicted
ye 1~ Y1

in figure-6. As far as load-bearing capacity of an infinite plate is concern, the plate can
tolerate more load in case of S, rather than S, at the crack tip b when % = 0.1. Moreover,

no significant difference is seen in the said comparison when % =0.9.
Figure-7 depicts the similar variation at the crack tip t = —b. The observations of the figure-
4, the length of yield zone |b; — b| is larger in case of S, as compared to S; when % =0.1

and insignificance when % = 0.9. Hence, it may be concluded that coalesced yield zone is

meaningful when cracks L, and L, are away from each other and insignificant when these
cracks are placed close to each other. In other words, it may lose its existence.

Furthermore, analysis of the numerical results for applied load ratio :ﬁ and the ratio of
ye
% at the crack tip t = a are shown in figure-8 for which a comparison has been made
1~ V1
with the results of an equivalent case of two equal cracks (S,). Under the influence of united
yield zones, the bearing capacity of the plate is more with S; rather than S, for well
separated cracks. In other words, the yield zone length |ps| is larger in case of S, in

comparison to S; under similar mechanical loading conditions. Figure-9 shows variation
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between applied load ratio ;L” and the ratio of % at the crack tip ¢ = —a. No significant
ye 1~ Y1

difference has been observed between the said comparison at t = —a. Hence, less affected
tip due to coalesced yield zone is the crack tip at t = —a.

8. Conclusion

Modification to Dugdale model has been presented for the complicated case of multiple
cracks. Mathematical expressions are derived for stress intensity factors at each crack tip
using complex variable method. Load-bearing capacity of the plate is evaluated numerically
and the results were compared with the outcomes of two equal straight cracks. It is observed
from the numerical results that coalesced yield zone is meaningful when cracks L; & L, are
away from each other and meaningless when they are close to each other. Hence, it may be
concluded that coalesced yield zone loses its existence. Also, the length of yield zone at the
inner crack tip t = +b is bigger than the length of yield zone at the outside crack tip t =
+a.
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